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Abstract
In this thesis we study higher-dimensional rotating black holes. Such black
holes are widely discussed in string theory and brane-world models at present.
We demonstrate that even the most general known Kerr-NUT-(A)dS spacetime,
describing the general rotating higher-dimensional asymptotically (anti) de Sit-
ter black hole with NUT parameters, is in many aspects similar to its four-
dimensional counterpart. Namely, we show that it admits a fundamental hid-
den symmetry associatedwith the principal conformal Killing–Yano tensor. Such
a tensor generates towers of hidden and explicit symmetries. The tower of
Killing tensors is responsible for the existence of irreducible, quadratic in mo-
menta, conserved integrals of geodesic motion. These integrals, together with
the integrals corresponding to the tower of explicit symmetries, make geodesic
equations in the Kerr-NUT-(A)dS spacetime completely integrable. We further
demonstrate that in this spacetime the Hamilton–Jacobi, Klein–Gordon, and sta-
tionary string equations allow complete separation of variables and the problem
of finding parallel-propagated frames reduces to the set of the first order ordi-
nary differential equations. Moreover, we show that the Kerr-NUT-(A)dS space-
time is the most general Einstein space which possesses all these properties. We
also explicitly derive the most general (off-shell) canonical metric admitting the
principal conformal Killing–Yano tensor and demonstrate that such a metric is
necessarily of the special algebraic type D of the higher-dimensional algebraic
classification. The results presented in this thesis describe the new and com-
plete picture of the relationship of hidden symmetries and rotating black holes
in higher dimensions.
Preface
When in 1963 Kerr discovered an astrophysically relevant but relatively com-
plicatedmetric describing the gravitational field of a rotating black hole, it seemed
that no analytical predictions were possible even for the simplest particle geodesic
motion. However, a ‘miracle’ happened, and it turned out that not only the
geodesic motion can be analytically solved, but also the equations describing
various perturbations of this background can be ‘drastically’ simplified. This
opened a way for studying astrophysical processes, such as the plasma accre-
tion around black holes, the radiation produced by infalling matter, the origin
of jets, the production and propagation of waves produced in the vicinity of
black holes, and it even led to estimates of the gravitational wave production in
star collisions and galaxymerges. It also facilitated the study of more theoretical
problems, such as the problem of stability of the Kerr solution, the calculation of
the quasinormal modes, or the study of the Hawking radiation. A hidden sym-
metry responsible for this miracle can be mathematically described by a simple
antisymmetric object, called the Killing–Yano tensor.
Recently, higher-dimensional rotating black hole spacetimes have become of
high interest due to various developments in gravity and high energy physics.
One of the reasons is the popularity of the scenarios with large extra dimen-
sions. In these so-called brane world models, our Universe is represented by a
four-dimensional brane floating in the higher-dimensional bulk space—where
only gravity can propagate. One of the main predictions of these models is the
possibility to produce higher-dimensional mini black holes in particle colliders.
Such black holes may provide a window into higher dimensions as well as into
non-perturbative gravitational physics which may already appear on the TeV
scale. Naturally, one wants to study the properties of these black holes which
are the higher-dimensional generalizations of the Kerr geometry.
Another motivation for studying higher-dimensional black hole spacetimes
comes from string theory. When quantizing a string action, a conformal anomaly
appears unless the spacetime dimension isD = 26 for bosonic strings orD = 10
for superstrings. Black holes in string theory are widely discussed in connec-
tion with the problem of microscopical explanation of the black hole entropy.
The study of black holes in an anti-de Sitter background can improve the un-
derstanding of the AdS/CFT correspondence. For this reason, it is useful to un-
derstand the particle and field propagation in these backgrounds. For example,
recently the structure of the black hole singularity was probed using geodesics
and correlators on the dual CFT on the boundary.
This thesis is devoted to the study of hidden symmetries of higher-
dimensional rotating black holes (with spherical horizon topology). We shall
demonstrate that, despite their complexity, the higher-dimensional rotating black
holes admit a similar hidden symmetry as their four-dimensional ‘cousins’. In
consequence, these black holes possess the following properties: the geodesic
motion in these backgrounds is completely integrable, the Hamilton–Jacobi,
Klein–Gordon, and Dirac equations allow the separation of variables, the met-
ric element is of the algebraic type D, it allows a generalized Kerr–Schild form,
and it is uniquely determined by the presence of the hidden symmetry. In this
context, four dimensions are not exceptional, and four-dimensional miraculous
properties of rotating black holes are, in some sense, even more miraculous in
higher dimensions.
In Part I of the thesis we focus on hidden symmetries. The next chapter
introduces the concept of hidden symmetries and outline their importance for
understanding the properties of four-dimensional rotating black holes. It also
overviews higher-dimensional black hole spacetimes and recapitulates the re-
sults on hidden symmetries which laid the groundwork for new developments
described in this thesis. The basic definitions and properties of the Killing and
Killing–Yano tensors, the objects responsible for hidden symmetries, are sum-
marized in Chapter 2.
In Chapter 3, we introduce the central notion of this thesis, the notion of the
principal conformal Killing–Yano (PCKY) tensor. We demonstrate how, based on a
simple property of this object, one can generate a whole tower of Killing–Yano
tensors and a corresponding tower of rank-2 Killing tensors. We also discuss
another, in some sense more physical, method for generating various Killing
tensors. This method is based on the construction of integrals of motion for
geodesic motion which are of higher order in geodesic momenta and therefore
associated with the corresponding Killing tensors. Finally, we demonstrate that
the PCKY tensor also generates a tower of Killing vector fields. One of these
Killing vectors plays an exceptional role andwe reserve for it the notion primary.
In Part II, applying the previous results, we study the remarkable proper-
ties of higher-dimensional rotating black holes. In Chapter 4, we demonstrate
that the general Kerr–NUT–(A)dS spacetime, describing the higher-dimensional
arbitrarily rotating black hole with NUT parameters and the cosmological con-
stant, possesses the PCKY tensor. Moreover, this tensor determines uniquely
preferred (canonical) coordinates for this metric and hence its canonical form.
This form is especially useful for the subsequent calculations. We also learn that
it is possible to consider a broader class of the (off-shell) metrics which possess
the (same) PCKY tensor. It will be shown later, that this class describes the most
general metric element admitting the PCKY tensor. We call it the canonical metric
element.
In Chapter 5, we demonstrate the complete integrability of geodesic motion in
the canonical background. Namely, we prove that the constants of geodesic mo-
tion corresponding to the extended tower of Killing tensors and the constants of
geodesic motion corresponding to the tower of Killing vectors are all function-
ally independent and that they all mutually Poisson commute of one another.
The latter property is closely related to the fact that the corresponding Killing
tensors and/or Killing vectors Schouten–Nijenhuis commute. We use the op-
portunity to briefly review the theory of the Schouten–Nijenhuis brackets and
to remind that with respect to these brackets Killing tensors form a Lie algebra.
The separability of the Hamilton–Jacobi and Klein–Gordon equations in the
background of the canonical metric is demonstrated in Chapter 6. Such a sep-
arability provides an independent proof of complete integrability of geodesic
motion. It also allows to study the contribution of scalar field to the Hawk-
ing evaporation of these black holes. Several related results, directly connected
with these developments, are mentioned. Namely, we recapitulate the theory
of the separability structures and describe a recent achievement on the symme-
try operators which underly the separability of the Hamilton–Jacobi and Klein–
Gordon equations. Some open questions, primarily connected with the sepa-
rability problem for higher spin equations in this background, are also briefly
discussed.
In Chapter 7, we address the question of uniqueness and generality of these
developments. This leads us to the study of metric elements admitting the
PCKY tensor. In particular, we demonstrate the following two important re-
sults: First, we establish that the Kerr-NUT-AdS spacetime is the most general
solution of the vacuumEinstein equations with the cosmological constant which
possesses the PCKY tensor. Second, without imposing the Einstein equations,
we explicitly derive the most general metric admitting such a tensor and show
that it coincides with the canonical metric element. These results naturally gen-
eralize the results obtained earlier in four dimensions.
Part III of the thesis is devoted to further developments connected with the
PCKY tensor. In Chapter 8, we demonstrate the separability of the Nambu–
Goto equations for a stationary string in the background of the canonical space-
time. Such a string is generated by a 1-parameter family of Killing trajectories
and the problem of finding its configuration reduces to a problem of finding a
geodesic line in a (one dimension lower) effective background. The resulting
integrability of this geodesic problem is connected with the existence of hidden
symmetries which are inherited from the black hole background. More gener-
ally, we introduce the concept of ξ-branes, that is more dimensional objects with
the worldvolume aligned along the set of Killing vector fields, and discuss their
integrability in the Kerr-NUT-(A)dS spacetime.
In Chapter 9, we study the equations describing the parallel transport of
orthonormal frames along timelike geodesics in the spacetime admitting the
PCKY tensor. It is demonstrated how, in the presence of this tensor, these equa-
tions can be reduced to a set of the first order ordinary differential equations.
Concrete examples of parallel-propagated frames inD = 3, 4, 5 canonical space-
times are constructed and it is shown that the obtained set of equations can be
solved by the separation of variables. In the last chapter we summarize the over-
all picture of the obtained results, link these results to the related achievements,
and discuss possible future directions.
To keep the main text concise and fluent, we have moved the complemen-
tary material of various character to the appendices. In Appendix A some four-
dimensional aspects of hidden symmetries are discussed. The first section plays
the role of an introduction for newcomers to the problematic of hidden symme-
tries. On a simple four-dimensional example we describe the main ideas of the,
much more complicated, higher-dimensional theory. In the second section we
study hidden symmetries of the Pleban´ski–Demian´ski class of solutions. Some
physically important subcases are discussed in more detail. An account of his-
torical developments leading to the discovery of the PCKY tensor in the general
Kerr-NUT-(A)dS spacetimes is recorded in Appendix B. Miscellaneous results
are gathered in Appendix C.
The results presented in this doctoral thesiswere obtained during the course
of the author’s Ph.D. program at the University of Alberta between years 2005
and 2008. The thesis is based on the following published papers in peer re-
viewed journals: [77], [153], [193], [85], [148], [149], [155], [154], [78], [52], [151].
Notations and conventions
Throughout the thesis, we use amixture of invariant, tensorial, andmatrix nota-
tions. The tensors are typed in boldface and their components (with due indices)
in normal letters. We consider a D-dimensional manifoldMD equipped with a
metric g. Except Chapter 9 and the appendices the metric is symbolically of the
Euclidean signature; it is related to the physical metric by a simpleWick rotation
(see Chapter 4). The coordinate indices are denoted by the Latin letters from the
beginning of the alphabet, a, b, c, . . . ,= 1, . . . , D; we use the Einstein summation
convention for them. These indices may be also understood as abstract, in the
sense of [231]. A dot above tensors denotes the differentiation along the vector
field; T˙ ≡ ∇uT ≡ ua∇aT . In Chapter 7, we use the symbol ˇ to distinguish an
operator from the corresponding 2-form. For example, having a 2-form F with
the (abstract) indices Fab, Fˇ denotes the operator F
a
b. Where it cannot lead to
confusion, a dot between tensors indicates contraction, e.g., a · b ≡ acbc. Sim-
ilarly, hˇ · hˇ · v denotes a vector with components hab hbc vc. The symbols dxa,
∂xa , denote the coordinate 1-form, vector, associated with the coordinate x
a. In
several place we also use matrix notations. Matrices are typed in normal letters
and the standard matrix notations are used for them. For example, having a
rank-2 tensor A, the symbol A stands for the matrix of its components Aab , A
T
denotes the transposed matrix, and TrA stands for its trace.
The central object of the thesis is a principal conformal Killing–Yano tensor, that
is a non-degenerate, closed, conformal Killing–Yano 2-form. We reserve for it
an abbreviation PCKY and (except Chapter 8) the symbol h. The associated pri-
mary (Killing) vector is denoted by ξ; ξb ≡ 1/(D − 1)∇ahab. The (orthonormal)
Darboux bases of 1-forms and vectors determined by the PCKY tensor are called
the canonical bases and denoted by {ω} and {e} (see Chapter 3). To distinguish
the basis indices from the coordinate indices we useˆ . For example, uaˆ denotes
the basis components of the velocity u. The same symbol is also used to de-
note (differential) operators, for example, ξˆ ≡ iξa∇a. Further conventions are
introduced later in the text (see, e.g., Chapter 2).
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1Part I
Hidden Symmetries
2Chapter 1
Introduction
1.1 Symmetries
In modern theoretical physics one can hardly overestimate the role of sym-
metries. They comprise the most fundamental laws of nature, they allow us
to classify solutions, in their presence complicated physical problems become
tractable. The value of symmetries is especially high in nonlinear theories, such
as general relativity.
In curved spacetime continuous symmetries (isometries) are generated by
Killing vector fields. Such symmetries have clear geometrical meaning. Let us
assume that in a given manifold we have a 1-parameter family of diffeomor-
phisms generated by a vector field ξ. Such a vector field determines the drag-
ging of tensors by the diffeomorphism transformation. If a tensor field T is in-
variant with respect to this dragging, that is, its Lie derivative along ξ vanishes,
LξT = 0, we have a symmetry. A vector field which generates transforma-
tions preserving the metric is called a Killing vector field, and the corresponding
diffeomorphism—an isometry. According to the first Noether theorem continu-
ous symmetries of the theory imply the existence of conserved quantities. For a
covariant theory in an external gravitational field for each of the Killing vectors
there exists a conserved quantity. For example, for a particle geodesic motion
this conserved quantity is a projection of the particle momentum on the Killing
vector.
Besides isometries the spacetime may also possess hidden symmetries, gener-
ated by either symmetric or antisymmetric tensor fields. Such symmetries are
not directly related to the metric invariance under diffeomorphisms. They rep-
resent the genuine symmetries of the phase space rather than the configuration
space. For example, the symmetric Killing tensors give rise to the conserved
quantities of higher order in particle momenta, and underline the separability
of the scalar field equations. Less known but evenmore fundamental are the an-
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tisymmetric Killing–Yano tensors which are related to the separability of field
equations with spin, the existence of ‘quantum’ symmetry operators, and the
presence of conserved charges.
1.2 Miraculous properties of the Kerr geometry
To illustrate the role of hidden symmetries in general relativity let us recapitu-
late the “miraculous” properties [36] of the Kerr geometry. This astrophysical
important solution was obtained in 1963 by Kerr [131]. The metric is stationary
and axially symmetric; it possesses two Killing vectors, ∂t and ∂φ, generating
the time translation and the rotation. The Kerr solution is of the special alge-
braic type D of Petrov’s classification [196], [197], it belongs to the special class
of solutions which can be presented in the Kerr–Schild form [132], [133], [61],
gab = ηab + 2Hlalb . (1.1)
Here, η is a flat metric and l is a null vector, in both metrics g and η.1
Although the Killing vector fields ∂t and ∂φ are not enough to provide a
sufficient number of integrals of motion2 in 1968 Carter [26], [27] demonstrated
that both—the Hamilton–Jacobi and scalar field equations—can be separated.
This proved, apart from other things, that there exists an additional integral of
motion, ‘mysterious’ Carter’s constant, which makes the particle geodesic mo-
tion completely integrable. In 1970, Walker and Penrose [232] pointed out that
Carter’s constant is quadratic in particle momenta and its existence is directly
connected with the symmetric Killing tensor [216]
Kab = K(ab) , ∇(cKab) = 0 . (1.2)
During the several following years it was discovered that it is not only the
Klein–Gordon equation which allows the separation of variables in the Kerr
geometry. In 1972, Teukolsky decoupled the equations for electromagnetic and
gravitational perturbations, and separated variables in the resultingmaster equa-
tions [222]. One year later the massless neutrino equation by Teukolsky and
1If the ansatz (1.1) is inserted into the Einstein equations, one effectively reduces the problem
to a linear one (see, e.g., [99]). This gives a powerful tool for the study of special solutions of
the Einstein equations. This method works in higher dimensions as well. For example, the
Kerr–Schild ansatz was used by Myers and Perry to obtain their higher-dimensional black hole
solutions [185].
2For example, for a particle motion these isometries generate the conserved energy and az-
imuthal component of the angular momentum, which, together with the conservation of p2,
gives only three integrals of motion. For separability of the Hamilton–Jacobi equation in the
Kerr spacetime the fourth integral of motion is required.
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Unruh [223], [224], and in 1976 the massive Dirac equation by Chandrasekhar
and Page [35], [192] were separated.
Meanwhile a new breakthrough was achieved in the field of hidden sym-
metries when in 1973 Penrose and Floyd [195], [74] discovered that the Killing
tensor for the Kerr metric can be written in the form
Kab = facfb
c , (1.3)
where the antisymmetric tensor f is the Killing–Yano (KY) tensor [236]
fab = f[ab] , ∇(cfa)b = 0 . (1.4)
A Killing–Yano tensor is in many aspects more fundamental than a Killing ten-
sor. In particular, having a Killing–Yano tensor one can always construct the
corresponding Killing tensor using Eq. (1.3). On the other hand, not every
Killing tensor can be decomposed in terms of a Killing–Yano tensor (for neces-
sary conditions see [49], [70]).
Many of the remarkable properties of the Kerr spacetime are consequences of
the existence of the Killing–Yano tensor. In particular, in 1974 Collinson demon-
strated that the integrability conditions for a non-degenerate Killing–Yano ten-
sor imply that the spacetime is necessary of the Petrov type D [48].3 In 1975,
Hughston and Sommers showed that in the Kerr geometry the Killing–Yano
tensor f generates both of its isometries [111]. Namely, the Killing vectors ∂t
and ∂φ, can be written as follows:
ξa ≡ 1
3
∇b(∗f)ba = (∂t)a , ηa ≡ −Kabξb = (∂φ)b . (1.5)
This means that, in fact, all the symmetries necessary for complete integrability
of geodesic motion in the Kerr spacetime are ‘derivable’ from the existence of a
single Killing–Yano tensor.
In 1977, Carter demonstrated [29] that given an isometry ξ and/or a Killing
tensorK one can construct the operators
ξˆ ≡ iξa∇a , Kˆ ≡ ∇aKab∇b , (1.6)
3All the vacuum type D solutions were obtained by Kinnersley [134]. Demian´ski and Fran-
caviglia showed that in the absence of acceleration these solutions admit Killing and Killing–
Yano tensors [63]. A general (off-shell) metric element admitting a Killing–Yano tensor in four
dimensions was obtained by Dietz and Ru¨diger [65], [66], see also [221].
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which commute with the scalar Laplacian4[
✷ , ξˆ
]
= 0 =
[
✷ , Kˆ
]
, ✷ ≡ ∇agab∇b . (1.7)
Moreover, in the Kerr geometry these operators commute also between them-
selves and provide therefore good ‘quantum’ numbers for scalar fields. In 1979
Carter and McLenaghan found that an operator
fˆ ≡ iγ5γa
(
fa
b∇b − 1
6
γbγc∇cfab
)
(1.8)
commutes with the Dirac operator γa∇a [32]. This gives a new quantum number
for the spinor wavefunction and explains why separation of the Dirac equation
can be achieved. Similar symmetry operators for other equations with spin, in-
cluding electromagnetic and gravitational perturbations, were constructed later
[126], [124], [62], [119],[123].
In 1983, Marck solved equations for the parallel transport of an orthonormal
frame along geodesics in the Kerr spacetime [175], [174] and used this result for
the study of tidal forces. For this construction he used a simple fact that the
vector
La ≡ fabpb , Lapa = 0 , (1.9)
is parallel-propagated along a geodesic p.
In 1987, Carter [30] pointed out that the Killing–Yano tensor itself is deriv-
able from a 1-form b ,
f = ∗db . (1.10)
We call such a form b a (KY) potential. It satisfies the Maxwell equations and
can be interpreted as a 4-potential of an electromagnetic field with the source
current proportional to the primary Killing vector field ∂t , cf. Eq. (1.5). In 1989,
Frolov et al. [86], [31], [33], separated equations for an equilibrium configuration
of a cosmic string near the Kerr black hole. In 1993, Gibbons et al. demonstrated
that due to the presence of Killing–Yano tensor the classical spinning particles in
this background possess enhanced worldline supersymmetry [91]. Conserved
quantities in the Kerr geometry generated by f were discussed in 2006 by Jezier-
ski and Łukasik [116].
To conclude this section we mention that many of the above statements and
results, which we have formulated for the Kerr geometry, are in fact more gen-
4In fact, the operator Kˆ defined by (1.6) commutes with ✷ provided that the background
metric satisfies the vacuumEinstein or source-freeEinstein–Maxwell equations. Inmore general
spacetimes, however, a quantum anomaly proportional to a contraction of K with the Ricci
tensor may appear. Such anomaly is not present if an additional condition (1.3) is satisfied [25].
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eral. Their validity can be extended to more general spacetimes, or even to an
arbitrary number of spacetime dimensions. For example, the whole Carter’s
class of solutions [28], [27] (see also [60], [199]) admits a KY tensor and pos-
sesses many of the discussed properties (see Appendix A). General results on
Killing–Yano tensors and algebraic properties were gathered byHall [101]. A re-
lationship among the existence of Killing tensors and separability structures for
the Hamilton–Jacobi equation in an arbitrary number of spacetime dimensions
was discussed in [233], [14], [118] (see also Section 6.3.1). We refer to Appendix
A for further details on hidden symmetries in 4D.
1.3 Higher-dimensional black holes
Higher-dimensional black hole solutions have been studied for a long time. Al-
ready in 1963, Tangherlini [220] obtained a higher-dimensional generalization of
the Schwarzschild metric [211]. The charged version of the Tangherlini metric
was found in 1986 by Myers and Perry [185]. In the same paper a general vac-
uum rotating black hole in higher dimensions was obtained. This solution, often
called the Myers–Perry (MP) metric, generalizes the four-dimensional Kerr so-
lution.5 Main new feature of the MP metrics in D dimensions is that, instead
of one rotation parameter, they have m ≡ [(D − 1)/2] rotation parameters, cor-
responding to m independent 2-planes of rotation. Later, in 1998, Hawking,
Hunter, and Taylor-Robinson [104] found a 5D generalization of the 4D rotating
black hole in asymptotically (anti) de Sitter space (Kerr-(A)dS metric [27]). In
2004 Gibbons, Lu¨, Page, and Pope [92], [93] discovered the general Kerr-(A)dS
metrics in arbitrary number of dimensions. After several attempts to include
NUT [186] parameters [42], [41], in 2006 Chen, Lu¨, and Pope [39] found a gen-
eral Kerr-NUT-(A)dS solution of the Einstein equations for all D. These metrics
were obtained in special coordinates which are the natural higher-dimensional
generalization of the Carter’s 4D canonical coordinates [27], [60], [199]. So far,
they remain the most general black-hole-type solutions of the Einstein equa-
tions with the cosmological constant (and spherical horizon topology) which
5To be more precise, it is well known that physics of higher-dimensional black holes can
be substantially different, and much richer, than in four dimensions. Whereas in four dimen-
sions only the black holes with spherical horizon topology are allowed, it is expected that non-
spherical horizon topologies are a generic feature of higher-dimensional gravity. Besides the
class of rotating black holes solutions with spherical horizon, such as the Myers–Perry metrics
and their generalizations, there exist other rotating ‘black objects’, for example black rings and
their generalizations. In this thesis we concentrate only on the class of rotating black holes with
spherical horizon topology. Such black holes can be considered as natural higher-dimensional
generalizations of the Kerr metric.
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are known analytically.6 For a recent extended review on higher-dimensional
black holes see, e.g., [69].
In connection with these black holes the following natural questions arise:
Towhat extent are the remarkable properties described for the four-dimensional
black holes innate to four dimensions? Do some of them transfer to higher di-
mensions as well? And in particular, do some of the higher-dimensional black
holes possess hidden symmetries?
1.4 Hidden symmetries in higher dimensions
The hidden symmetries of higher-dimensional rotating black holes were first
discovered for the 5D Myers–Perry metrics [81] ,[80]. It was demonstrated
that both, the Hamilton–Jacobi and scalar field equations, allow the separation
of variables and the corresponding Killing tensor was obtained. Later it was
shown that 5D results can be extended to an arbitrary number of dimensions,
provided that rotation parameters of the MP metric can be divided into two
classes, and within each of the classes these parameters are equal of one another
[228]. Similar results were found in the presence of the cosmological constant
and NUT parameters [163], [229], [156], [227], [225], [40], [59], [226]. It was
also demonstrated that a stationary string configuration in the 5DMyers–Perry
spacetime is completely integrable [79].
Were these results the most general possible? Or, were there somewhere hid-
den other symmetries which would allow a further progress? In particular, do
the higher-dimensional rotating black holes admit the fundamental symmetry
of a Killing–Yano tensor? These were the questions which stimulated further
research.
The outcome of this research can be briefly summarized as follows:7 Even
the most general known higher-dimensional Kerr-NUT-(A)dS black holes pos-
sess many of the remarkable properties of their four-dimensional ‘cousins’ .
Namely, the geodesic motion in these backgrounds is completely integrable,
the Hamilton–Jacobi, Klein–Gordon, Dirac, and stationary string equations are
6Besides the brane-world scenarios, these black holes find their applications for the
ADS/CFT correspondence. In the BPS limit the odd-dimensional metrics lead to the Sasaki–
Einstein metrics [103], [57], [56] whereas the even-dimensional metrics lead to the Calabi–Yau
spaces [188], [168]. There have been also several attempts to generalize these solutions. For ex-
ample, to find a similar solution of the Einstein–Maxwell equations either in an analytical form
[9], [6], [7],[8], [160], [38], [147] or numerically [158],[159],[161], [19], [135]. See also [37], [202],
[206],[190], or [109], [169].
7Let us emphasize that not all of the results were obtained by the author of this thesis and/or
his collaborators. What we summarize here is the overall progress which has been recently
achieved in this direction.
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completely separable. The metrics are of the type D of higher-dimensional al-
gebraic classification and allow a generalized Kerr–Schild form. Many of these
properties follow directly from the existence of a fundamental hidden symme-
try associated with the principal conformal Killing–Yano (PCKY) tensor.
The PCKY tensor was first discovered for the Myers–Perry metrics [77], and
soon after that for the completely general Kerr-NUT-(A)dS spacetimes [153].
Starting with this tensor, one can generate the whole tower of hidden symme-
tries [149] which are responsible for complete integrability of geodesic motion in
these spacetimes [193], [148]. Such an integrability was independently proved
by separating the Hamilton–Jacobi equation [85]. Due to the presence of hid-
den symmetries, also the Klein–Gordon [85] and Dirac [189] equations allow
the separation of variables in these backgrounds. Recently, extending the work
of [106], [107], the uniqueness of these results was demonstrated [151]. In partic-
ular, it was proved that, similar to the 4D case, the most general Einstein space
admitting the PCKY tensor is the Kerr-NUT-(A)dS spacetime. Meanwhile, it
was shown that the Kerr-NUT-(A)dS spacetime is of the algebraic type D of
higher-dimensional algebraic classification [102] and that it allows a general-
ized Kerr–Schild form [38]. By relaxing some of the requirements imposed on
the PCKY tensor more general spacetimes were recently discovered [109], [108].
Directly related to the PCKY tensor is also a proved complete integrability of a
stationary string configuration in the vicinity of the Kerr-NUT-(A)dS black hole
[154] and the possibility of constructing a parallel propagated frame in such a
background [52]. (For other related works see Chapter 10.)
9Chapter 2
Killing–Yano and Killing tensors
In this chapter we review the basic objects responsible for symmetries of the
spacetime and briefly discuss their properties. In particular, we introduce the
Killing and Killing–Yano tensors, and their conformal generalizations. We also
exploit the opportunity to establish some notations used later in the text.
2.1 Definitions
Killing vectors
Let us consider a D-dimensional spacetime with a metric g. A spacetime pos-
sesses an isometry generated by the Killing vector field ξ if this vector obeys the
Killing equation
∇(aξb) = 0 . (2.1)
For a geodesic motion of a particle in such a curved spacetime the quantity paξa,
where p is the momentum of the particle, remains constant along the particle’s
trajectory. Similarly, for a null geodesic, paξa is conserved provided that ξ is a
conformal Killing vector obeying the equation
∇(aξb) = ξ˜gab , ξ˜ = D−1∇bξb . (2.2)
An equivalent defining equation for the conformal Killing vector is
∇aξb = ∇[aξb] + gabξ˜ . (2.3)
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That is, the conformal Killing vector is an object, the covariant derivative of
which splits into the ‘exterior’ and ‘divergence’ parts.1 When the first term van-
ishes the conformal Killing vector is closed. The vanishing of the second term
means that we are dealing with the Killing vector. In the case when both parts
are zero we have a covariantly constant (Killing) vector.
There exist two natural (symmetric and antisymmetric) generalizations of a
(conformal) Killing vector. (For a ‘hybrid’ proposal, see, e.g., [50].)
Killing tensors
A symmetric (rank-p) conformal Killing tensor [232]Q obeys the equations
Qa1a2...ap = Q(a1a2...ap) , ∇(bQa1a2...ap) = g(ba1Q˜a2...ap) . (2.4)
As in the case of a conformal Killing vector, the tensor Q˜ is determined by trac-
ing both sides of Eq. (2.4). In particular, a rank-2 conformal Killing tensor obeys
the equations
∇(aQbc) = g(abQ˜c) , Q˜a = 1
D + 2
(2∇cQca +∇aQcc) . (2.5)
If Q˜ vanishes, the tensor Q is called a Killing tensor [216] and it is usually
denoted byK. So we have
Ka1a2...ap = K(a1a2...ap) , ∇(bKa1a2...ap) = 0 . (2.6)
Obviously, the metric is a (trivial) rank-2 Killing tensor. In the presence of the
Killing tensorK the conserved quantity for a geodesic motion is
K = Ka1a2...app
a1pa2 . . . pap . (2.7)
For null geodesics this quantity is conserved not only for a Killing tensor, but
also for a conformal Killing tensor. Let us finally mention that a symmetrized
tensor product of Killing vectors is a (reducible) Killing tensor. More generally,
we call the Killing tensor reducible if it is a linear combination of the products of
Killing tensors of a lower rank.
1For a general vector an additional term, the ‘harmonic’ part, is present. It is the lack of this
term what makes conformal Killing vectors ‘special’.
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Killing–Yano tensors
The conformal Killing–Yano (CKY) tensors were first proposed in 1968 by Kashi-
wada and Tachibana [128], [219] as a generalization of the Killing–Yano (KY)
tensors introduced by Yano in 1952 [236].
One of the simplest approaches to the CKY tensors is based on a natural gen-
eralization of the definition (2.3) of conformal Killing vectors. The CKY tensor k
of rank-p is a p-form the covariant derivative of which has vanishing harmonic
part, that is it splits into the exterior and divergence parts as follows:
∇akb1...bp = ∇[akb1...bp] + p ga[b1k˜b2...bp] , (2.8)
k˜b2...bp =
1
D − p+ 1 ∇ck
c
b2...bp . (2.9)
[The tensor k˜, (2.9), is determined by tracing both sides of the first equation.]
The defining equation (2.8) is invariant under the Hodge duality; the exterior
part transforms into the divergence part and vice versa. This implies that the
dual ∗k is a CKY tensor whenever k is a CKY tensor (see also the next section).
Three special subclasses of CKY tensors are of particular interest: (a) Killing–
Yano tensors with zero divergence part in (2.8) (b) closed CKY tensors with van-
ishing exterior part in (2.8) and (c) covariantly constant (KY) tensors with both
parts vanishing. The subclasses (a) and (b) transform into each other under the
Hodge duality.
In particular, a rank-2 CKY tensor k obeys the equations
∇akbc = ∇[akbc] + 2 ga[bξc] , ξa = 1
D − 1 ∇ck
c
a . (2.10)
The vector ξ, defined by the last equation, is called primary. It satisfies [219] (see
also Appendix C.2)
∇(aξb) = 1
D − 2Rc(akb)
c . (2.11)
Thus, in an Einstein space, that is when Rab = Λgab, ξ is the Killing vector.
An alternative (equivalent) definition of a rank-p CKY tensor naturally gen-
eralizes the definition (2.2) [219], [114], [25]. It reads
∇(akb1)b2...bp = gab1 k˜b2...bp − (p− 1) g[b2(ak˜b1)...bp] , (2.12)
where k˜ (obtained again by tracing procedure) is given by (2.9).
Let us finally mention two additional important properties of KY tensors.
Having a KY tensor f :
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1. The tensor
La1a2...ap−1 ≡ fa1a2...appap (2.13)
is parallel-propagated along the geodesic p.
2. The object
Kab =
cp
(p− 1)! faa2...apf
a2...ap
b (2.14)
is an associated Killing tensor. Here cp is an arbitrary constant, which is
often taken to be one. For a different convenient choice see Section 3.2.
Similarly, for a rank-2 CKY tensor k the object
Qab = kackb
c , (2.15)
is an associated conformal Killing tensor.
Let us also mention that the exterior product of Killing vectors does not gen-
erally produce a KY tensor.2 However, in Section 3.2.1 we shall prove the impor-
tant fact that the exterior product of two closed CKY tensors is again a closed
CKY tensor.
2.2 CKY tensors as differential forms
The CKY tensors are forms and operations with them are greatly simplified if
one uses the ‘invariant’ language of differential forms. In this section we es-
tablish some of these notations. We also recast the CKY equation (2.8) into this
language and prove its invariance under the Hodge duality.
Ifαp and βq are p- and q-forms, respectively, the external derivative d of their
exterior (wedge) product ∧ obeys a relation
d(αp ∧ βq) = dαp ∧ βq + (−1)pαp ∧ dβq . (2.16)
For an arbitrary form α we denote
α∧m ≡ α ∧ . . . ∧α︸ ︷︷ ︸
total of m factors
. (2.17)
A Hodge dual ∗αp of a p-form αp is a (D − p)-form defined as
(∗αp)a1... aD−p =
1
p!
αb1... bpeb1... bpa1... aD−p , (2.18)
2A trivial example when this works is , for example, the case of maximally symmetric space-
times (see also Footnote 1 in Appendix A).
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where ea1... aD is a totally antisymmetric tensor. The co-derivative δ is defined as
follows:
δαp = (−1)pǫp ∗d∗αp , ǫp = (−1)p(D−p) det(g)| det(g)| . (2.19)
One also has ∗∗αp = ǫpαp.
If {eaˆ} is a basis of vectors, then the dual basis of 1-forms {ωaˆ} is defined by
the relations ωaˆ(ebˆ) = δ
a
b . We denote gaˆbˆ = g(eaˆ, ebˆ) and by g
aˆbˆ the inverse ma-
trix. The operations with the indices enumerating the basic vectors and forms
are performed by using these matrices. In particular, eaˆ = gaˆbˆebˆ, and so on. We
denote a covariant derivative along the vector eaˆ by∇aˆ ;∇aˆ ≡ ∇eaˆ . One has
d = ωaˆ ∧ ∇aˆ , δ = −eaˆ−|∇aˆ . (2.20)
In tensor notations the ‘hook’ operator (inner derivative) along a vector X , ap-
plied to a p-form αp ,X−|αp , corresponds to a contraction
(X−| αp)a2...ap = X
a1(αp)a1a2...ap . (2.21)
It satisfies the properties
eaˆ−| (αp ∧ βq) = (eaˆ−|αp) ∧ βq + (−1)pαp ∧ (eaˆ−| βq) , (2.22)
eaˆ−|ωaˆ = D , ωaˆ ∧ (eaˆ−|αp) = pαp . (2.23)
For a given vector X one defines X ♭ as a corresponding 1-form with the
components (X♭)a = gabX
b. In particular, one has (eaˆ)
♭ = gaˆbˆω
bˆ. An inverse to ♭
operation is denoted by ♯. Namely ifα is a 1-form thenα♯ denotes a vector with
components (α♯)a = gabαb. We refer to [218], [146] where these and many other
useful relations can be found.
The definition (2.8) of the (rank-p) CKY tensor k reads [17], [16], [146]:
∇Xk = 1
p+ 1
X−| dk − 1
D − p+ 1X
♭ ∧ δk . (2.24)
Here, the first term on the right-hand-side denotes the exterior part, the second
term denotes the divergence part, andX is an arbitrary vector.
Using the relation
X−| ∗ω = ∗(ω ∧X♭) , (2.25)
it is easy to show that under the Hodge duality the exterior part transforms into
the divergence part and vice versa. Indeed, we find
∗(X−| dk) = −X♭ ∧ δ(∗k) , −∗(X ♭ ∧ δk) =X−| d(∗k) , (2.26)
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where we have used the definition (2.19). In particular, (2.24) implies
∇X(∗k) = 1
p∗ + 1
X−| d(∗k)− 1
D − p∗ + 1X
♭ ∧ δ(∗k) , p∗ = D − p . (2.27)
That is, the Hodge dual ∗k of a CKY tensor k is again a CKY tensor. Moreover,
the Hodge dual of a closed CKY tensor is a KY tensor and vice versa.
For a (rank-p) closed CKY tensor h, characterized by vanishing of the exte-
rior part, dh = 0, there exists locally a (KY) potential b, which is a (p − 1)-form,
such that
h = db . (2.28)
The Hodge dual of such a tensor h ,
f = ∗h = ∗db , (2.29)
is a Killing–Yano tensor (δf = 0).
15
Chapter 3
Principal conformal Killing–Yano
tensor and towers of hidden
symmetries
In this chapter we introduce a notion of a principal conformal Killing–Yano (PCKY)
tensor—the central object of this thesis. Starting with the PCKY tensor and the
metric in any D-dimensional spacetime we show how to generate a tower of
n− 1 = [D/2]− 1 Killing–Yano tensors, of rankD− 2j for all 1 ≤ j ≤ n− 1, and
an extended tower of n rank-2 Killing tensors, giving n quadratic in momenta
constants of geodesic motion that are in involution. We also discuss another,
more physical, method for generating Killing tensors and outline a construction
of D − n vectors which turn out to be the independent commuting Killing vec-
tors. Based on these results, we shall prove in Part II many of the remarkable
properties of higher-dimensional rotating black hole spacetimes. This chapter
is based on [193], [149], [148], and [78].
3.1 Principal conformal Killing–Yano tensor
3.1.1 Definition
In what follows we consider a D-dimensional spacetime MD, equipped with
the metric
g = gabdx
adxb . (3.1)
To treat both cases of even and odd dimensions simultaneously we denote
D = 2n+ ε , (3.2)
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where ε = 0 and ε = 1 for even and odd number of dimensions, respectively.
Definition ([149]). A principal conformal Killing–Yano tensor h is a closed non-
degenerate CKY 2-form, h = 1
2
hab dx
a∧ dxb, obeying the following equation:
∇Xh =X ♭ ∧ ξ♭ , (3.3)
whereX is an arbitrary vector field.
The condition of non-degeneracy means that the skew symmetric matrix hab
has the (matrix) rank 2n and that the eigenvalues of h are functionally indepen-
dent in some spacetime domain. So, we exclude the possibility that h possesses
the constant eigenvalues, and in particular, that it is covariantly constant; ξ 6= 0.
The equation (3.3) implies
dh = 0 , ξ♭ = − 1
D − 1δh . (3.4)
In particular, this means that there exists a 1-form (KY) potential b such that
h = db . (3.5)
The dual tensor
f = ∗h (3.6)
is a principal Killing–Yano tensor [(D− 2)-form]. In tensor notations the defini-
tion (3.3) of the PCKY tensor h reads
∇chab = 2gc[aξb], ξb = 1
D − 1∇dh
d
b . (3.7)
3.1.2 Canonical basis and canonical coordinates
Let us consider an eigenvalue problem for a conformal Killing tensor Q associ-
ated with h [cf. Eq. (2.15)],
Qab ≡ hach cb . (3.8)
It is easy to show that in the Euclidean domain its eigenvalues x2,
Qabv
b = x2va , (3.9)
are real and non-negative. Using a modified Gram–Schmidt procedure it is pos-
sible to show that there exists such an orthonormal basis in which the operator
h has the following structure:
diag(0, . . . , 0,Λ1, . . . ,Λp) , (3.10)
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where Λi are matrices of the form
Λi =
(
0 −xiIi
xiIi 0
)
, (3.11)
and Ii are unit matrices. We call such a basis an orthonormal Darboux basis (see
also Section 9.2). Its elements are unit eigenvectors of the problem (3.9).
For a non-degenerate 2-form h the number of zeros in the Darboux decom-
position (3.10) coincides with ε. Since all the eigenvalues x in (3.9) are differ-
ent (we denote them xµ, µ = 1, . . . , n), the matrices Λi are 2-dimensional. We
denote the vectors of the Darboux basis by eµˆ and e˜µˆ ≡ enˆ+µˆ, where µ =
1, . . . , n, and enumerate them so that the orthonormal vectors eµˆ and e˜µˆ span
a 2-dimensional plane of eigenvectors of (3.9) with the same eigenvalue xµ. In
an odd-dimensional spacetime we also have an additional basis vector e0ˆ (the
eigenvector of (3.9) with x = 0). We further denote by ωµˆ and ω˜µˆ ≡ ωnˆ+µˆ (and
ω0ˆ if ε = 1) the dual basis of 1-forms. The metric g and the PCKY tensor h in
this basis take the form
g = δabω
aˆωbˆ =
n∑
µ=1
(ωµˆωµˆ + ω˜µˆω˜µˆ) + εω0ˆω0ˆ , (3.12)
h =
n∑
µ=1
xµω
µˆ ∧ ω˜µˆ . (3.13)
In what follows we shall refer to bases {ω} and {e} as the cononical bases of
1-forms and vectors associated with the PCKY tensor. These bases are fixed
uniquely by the PCKY tensor up to a 2D rotation in each of the (KY) 2-planes
ωµˆ ∧ ω˜µˆ.
Since the ‘eigenvalues’ xµ are functionally independent in some spacetime
domain, we may use them as ‘natural’ coordinates. In fact, we shall demon-
strate in Chapter 7 that these n coordinates can be ‘upgraded’ by adding n + ε
new coordinates ψi, determined completely by the PCKY tensor. Therefore,
the PCKY tensor ‘determines’ in D dimensions D preferred coordinates. We
call such preferred coordinates (xµ, ψi) the canonical coordinates. The most gen-
eral (off-shell) canonical metric element admitting the PCKY tensor is derived in
Chapter 7. When it is written in the canonical coordinates, many of the coef-
ficients of rotation vanish. We call the corresponding (special) canonical basis,
the principal canonical basis. Such a basis is fixed uniquely; the freedom of 2D
rotations was already exploited. (For more details see Chapter 7.)
To summarize, the PCKY tensor determines uniquely the class of canonical
spacetimes, together with the preferred canonical coordinates and the preferred
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principal canonical basis, in which these spacetimes take a ‘simple form’.
3.2 Towers of hidden symmetries
In this section we present a simple way how, from a single PCKY tensor, one can
generate the whole towers of hidden symmetries. Our approach is based on the
lemma of the following subsection. We also derive an explicit form of the tower
of Killing tensors in the canonical basis.
3.2.1 Important property of closed CKY tensors
Lemma ([149]). Let k(1) and k(2) be two closed CKY tensors. Then their exterior
product k ≡ k(1) ∧ k(2) is also a closed CKY tensor.
We shall prove this lemma in two steps. The fact that k is closed is trivial,
it follows from Eq. (2.16). Let us first show that for a p-form αp obeying the
equation
∇Xαp =X♭ ∧ γp−1 , (3.14)
one has
γp−1 = −
1
D − p+ 1 δαp . (3.15)
Indeed, using Eqs. (2.20), and relations (2.22), (2.23), we find
−δαp = eaˆ−|∇aˆαp = eaˆ−| (ωaˆ ∧ γp−1)
= (eaˆ−|ωaˆ)γp−1 − ωaˆ ∧ (eaˆ−| γp−1) = (D − p+ 1)γp−1 .
The second step in the proof of the lemma is to show that if αp and βq are
two closed CKY tensors then
∇X(αp ∧ βq) =X ♭ ∧ γp+q−1 . (3.16)
Really, one has
∇X(αp ∧ βq) =∇Xαp ∧ βq +αp ∧∇Xβq
= − 1
D − p+ 1(X
♭∧ δαp) ∧ βq −
1
D − q + 1αp ∧ (X
♭∧ δβq)
=X♭ ∧ γp+q−1 ,
(3.17)
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where
γp+q−1 = −
1
D − p+ 1δαp ∧ βq −
(−1)p
D − q + 1αp ∧ δβq .
Combining (3.17) with (3.15) we arrive at the statement of the lemma. ♥
3.2.2 Towers of hidden symmetries
According to the lemma of the previous subsection, the PCKY tensor generates
a set (tower) of new closed CKY tensors
h(j) ≡ h∧j = h ∧ . . . ∧ h︸ ︷︷ ︸
total of j factors
. (3.18)
h(j) is a (2j)-form, and in particular h(1) = h. Since h is non-degenerate, one has
a set of n non-vanishing closed CKY tensors. In an even dimensional spacetime
h(n) is proportional to the totally antisymmetric tensor, whereas it is dual to a
Killing vector in odd dimensions. In both cases such a CKY tensor is trivial
and can be excluded from the tower of hidden symmetries. Therefore we take
j = 1, . . . , n − 1. The CKY tensors (3.18) can be generated from the potentials
b(j) [cf. Eq. (2.28)]
b(j) ≡ b ∧ h∧(j−1) , h(j) = db(j) . (3.19)
Each (2j)-form h(j) determines a (D − 2j)-form of the Killing–Yano tensor [cf.
Eq. (2.29)]
f (j) ≡ ∗h(j) . (3.20)
In their turn, these tensors give rise to the Killing tensorsK(j)
K
(j)
ab ≡
1
(D − 2j − 1)!(j!)2f
(j)
ac1...cD−2j−1
f
(j) c1...cD−2j−1
b . (3.21)
A choice of the coefficient in the definition (3.21) is adjusted to the canonical
basis (see the next subsection). It is also convenient to include the metric g,
which is a trivial Killing tensor, as an element K(0) of the tower of the Killing
tensors. The total number of irreducible elements of this extended tower is n.
3.2.3 Explicit form of Killing tensors
Let us now explicitly evaluate the Killing tensors (3.21) in the canonical basis.
Using identities
εa1...arcr+1...cDεb1...brcr+1...cD = r!(D − r)!δ[a1b1 . . . δ
ar ]
br
, (3.22)
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(r + 1) δ
[a
[b δ
a1
b1
. . . δ
ar ]
br ]
= δab δ
[a1
[b1
. . . δ
ar ]
br ]
− r δa[b1δ[a1|b| . . . δar ]br ] , (3.23)
we can rewrite (3.21) as
K(j) ab =
(2j + 1)!
(2jj!)2
δ
[a
[bh
a1b1 . . . hajbj ]ha1b2 . . . hajbj ]
=
(2j)!
(2jj!)2
(
δabh
[a1b1 . . . hajbj ]h[a1b1 . . . hajbj ] − 2j ha[b1 . . . hajbj ]hb[b1 . . . hajbj ]
)
= A(j)δab − K˜(j) ab . (3.24)
Here we have introduced
A(j) ≡ (2j)!
(2jj!)2
h[a1b1 . . . hajbj ]h[a1b1 . . . hajbj ] ,
K˜(j) ab ≡ 2j(2j)!
(2jj!)2
ha[b1 . . . hajbj ]hb[b1 . . . hajbj ] .
In the canonical basis, using (3.12) and (3.13), we find
h(j) = j!
∑
ν1<···<νj
xν1 . . . xνjω
νˆ1 ∧ ω˜νˆ1 ∧ · · · ∧ ωνˆj ∧ ω˜νˆj . (3.25)
K˜
(j)
=
n∑
µ=1
x2µA
(j−1)
µ (ω
µˆωµˆ + ω˜µˆω˜µˆ) , (3.26)
A(j) =
∑
ν1<···<νj
x2ν1 . . . x
2
νj
, A(j)µ =
∑
ν1<···<νj
νi 6=µ
x2ν1 . . . x
2
νj
, (3.27)
From the obvious fact that quantities (3.27) obey, A(j) = A
(j)
µ + x2µA
(j−1)
µ , we
obtain the following form of the Killing tensors in the canonical basis:
K(j) =
n∑
µ=1
A(j)µ (ω
µˆωµˆ + ω˜µˆω˜µˆ) + εA(j)ω0ˆω0ˆ . (3.28)
Let us finally mention that it was shown in [107] that K˜(j) ab = Q
a
cK
(j−1) c
b. Here
Q is the conformal Killing tensor introduced in Section 3.1.2. Eq. (3.24) therefore
gives the following recursive relation forK(j):
K(j) = A(j)g −Q ·K(j−1) , K(0) = g . (3.29)
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3.3 Other method for generating Killing tensors
In this section we describe, in some sense a more physical method, how to gen-
erate from the PCKY tensor various towers of Killing tensors. This method is
based on the fact that Killing tensors are in one to one correspondence with con-
served quantities for a geodesic motion which are of higher order in geodesic
momenta [232]. In particular, we extract these constants as invariants of the
parallel-transported 2-form F—obtained as a projection of the PCKY tensor to
a subspace orthogonal to the velocity of a geodesic motion [193]. Depending
on how these invariants are extracted one obtains different (related) sets of con-
stants of motion and corresponding towers of Killing tensors. For example, the
traces of powers of the operator F 2 lead to the set of Killing tensors of increasing
rank [193]. The advantage of this approach is that one can generate constants
of geodesic motion with the help of generating functions. This gives a powerful
tool how to study properties of these constants, such as their independence or
Poisson commutativity (see Chapter 5). In particular, we introduce two generat-
ing functions: the first one generates constants given by the traces of powers of
the operator F 2, the second one leads to the earlier described tower of Killing-
tensors [149].
3.3.1 2-form F
Let γ be a geodesic affine parametrized by τ , ua = dxa/dτ be its ‘velocity’ tan-
gent vector, and w ≡ uaua be its norm. We denote the covariant derivative of a
tensor T along γ by
T˙ ≡ ∇uT = ua∇aT . (3.30)
In particular u˙ = 0. Let us now consider the following 2-form F [193]:
F ≡ u−| (u♭ ∧ h) = wh− u♭∧ s , s ≡ u−| h . (3.31)
From the construction, such a form is automatically parallel-transported along
γ. Indeed, we have
∇u(u♭ ∧ h) = u♭ ∧∇uh = u♭ ∧ u♭ ∧ ξ♭ = 0 . (3.32)
So, already u♭ ∧ h ∝ u−| f is parallel-transported [cf. Eq. (2.13)], and the last
contraction with u in (3.31) is just to obtain a 2-form with which it is easier
to work. Since F is parallel-propagated along γ, any object constructed from
F and the metric g is also parallel-propagated. In particular, this is true for
the invariants constructed from F , such as its eigenvalues. These are therefore
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constants of motion.1
Let us notice that F can be also written as
Fab = wP
c
ahcdP
d
b . (3.33)
Here, P ba = δ
b
a − w−1ubua is the projector to the (D− 1)-dimensional subspace V
orthogonal to the 1-dimensional spaceU generated byu. Pab = gab−w−1uaub can
be also understood as a metric in V induced by its embedding into the tangent
space T ; T = U ⊕ V . This means that F has a clear geometrical meaning: it is
the projection of the PCKY tensor h along the tangent vector u of geodesic γ. Fab and
F ab = g
acFcb can be considered as a 2-form and an operator, respectively, either
in the subspace V or in the complete tangent space T . Since F abu
b = 0, the vector
u ∈ T is an eigenvector of F with a zero eigenvalue. One also immediately has
F˙ab = wP
c
a h˙cdP
d
b = wP
c
au[cξd]P
d
b = 0 , (3.34)
where we used the defining equation (3.7).
3.3.2 Killing tensors of increasing rank
One of the convenient ways [193] how to extract the invariants of F is to con-
sider the traces of powers of the operator F 2:
Cj ≡ w−jTr[(−F 2)j ] . (3.35)
(The traces of odd powers of F are zero, because of the antisymmetry of F .)
In what follows we shall use matrix notation in which F is the antisymmetric
matrix with orthonormal components F aˆbˆ , H is the antisymmetric matrix with
components haˆbˆ , Q ≡ −H2 is the symmetric matrix with components Qaˆbˆ =
−haˆcˆhcˆbˆ ,W is the symmetric matrix with components uaˆubˆ , w ≡ Tr(W ) = ucˆucˆ ,
P ≡ I−p is the projection onto the hyperplane V orthogonal to the velocity, and
p = W/w. These matrices have the properties that P 2 = P and WH2j+1W = 0
for all nonnegative integers j. The component Eq. (3.33) becomes the matrix
equation
F = wPHP (3.36)
whose square is the symmetric matrix F 2 = w2P (HP )2. So, we get the constants
of motion
Cj = (−w)jTr[(HP )2j] . (3.37)
The trace of thematrix product can be viewed diagrammatically as a loop formed
1Actually, from the fact that F is parallel-transported along γ one can obtain slightly more,
see Chapter 9.
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by joined vertices (each with two ‘legs’) corresponding to matrices in the prod-
uct. In our case the loop is formed by alternatingH and P vertices. Substituting
P = I − p we get a sum over all possible loops in which P is replaced either
by I or by −p. In the case of the identity I the corresponding vertex is effec-
tively eliminated, in the case of one dimensional projector p the loop splits into
disconnected pieces. Namely, we can use identity
Tr
(
Hk1pHk2p · · ·Hkcp) = Tr(Hk1p)Tr(Hk2p) · · ·Tr(Hkcp) . (3.38)
The trace in (3.37) thus leads to
Tr
[
(HP )2j
]
= Tr
(
H2j
)
+
2j∑
c=1
∑
k1≤···≤kc
k1+···+kc=2j
(−1)cN2jk1...kj
c∏
i=1
Tr
(
Hkip
)
. (3.39)
The sum over c is the sum over number of ‘splits’ of the loop, the indices ki
are the ‘lengths’ of the splitted pieces, and the combinatorial factor N2jk1...kc gives
a number of ways in which the loop of the length 2j can be split to c pieces
of lengths k1, . . . , kc. From the antisymmetry of H it follows that traces of odd
powers of H (optionally multiplied by a projector) are zero. Setting ki = 2li and
introducing Q as earlier we have
Cj = w
jTr
(
Qj
)
+
j∑
c=1
∑
l1≤···≤lc
l1+···+lc=j
(−1)c 2N jl1...ljwj
c∏
i=1
Tr
(
Qlip
)
, (3.40)
where we have usedN2j2l1...2lc = 2N
j
l1...lc
which follows from the definition of N ’s.
Let us define the following quantities:
wj ≡ wTr(Qjp) = Tr(QjW ) ≡ Q(j)ab uaub . (3.41)
Here,Q
(j)
ab denote covariant components that form the tensorQ
(j) corresponding
to the j-th power of the matrix Q. We also denote Q(j) ≡ Tr(Qj). For example,
Q(1) =Q cc , Q
(1)
ab =Qab, Q
(2) =Q dc Q
c
d , Q
(2)
ab =Q
c
aQcb, Q
(3) = Q dc Q
e
d Q
c
e , and Q
(3)
ab =
Q caQ
d
c Qdb. Then we finally obtain
Cj = w
jQ(j) − 2jwj−1wj + 2
j∑
c=2
∑
l1≤···≤lc
l1+···+lc=j
(−1)cN jl1...ljwj−c
c∏
i=1
wli . (3.42)
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We can easily see that the Cj ’s have the form
Cj = Ka1...a2ju
a1 . . . ua2j , (3.43)
where Ka1...a2j , formed from combinations of the metric gab, Tr(Q
j), and the
Q
(i)
ab ’s for i ≤ j, are Killing tensors [232] in the sense of Eq. (2.6).
In particular, we get the first four constants of motion
C1 = wQ
(1) − 2w1 ,
C2 = w
2Q(2) − 4ww2 + 2w21 ,
C3 = w
3Q(3) − 6w2w3 + 6ww1w2 − 2w21 ,
C4 = w
4Q(4) − 8w3w4 + 4w2w22 + 8w2w1w3 − 8ww21w2 + 2w41 . (3.44)
Comparing with (3.43) we obtain the corresponding tower of (reducible) Killing
tensors of increasing rank:
Kab = gabQ
(1) − 2Q(1)ab ,
Kabcd = g(abgcd)Q
(2) − 4g(abQ(2)cd) + 2Q(1)(abQ(1)cd) ,
Kabcdef = g(abgcdgef)Q
(3) − 6g(abgcdQ(3)ef) + 6g(abQ(1)cd Q(2)ef) − 2Q(1)(abQ(1)cd Q(1)ef) ,
Kabcdefgh = g(abgcdgefggh)Q
(4) − 8g(abgcdgefQ(4)gh) + 4g(abgcdQ(2)ef Q(2)gh)
+ 8g(abgcdQ
(1)
ef Q
(3)
gh) − 8g(abQ(1)cd Q(1)ef Q(2)gh) + 2Q(1)(abQ(1)cd Q(1)ef Q(1)gh) . (3.45)
To write an explicit form of the constants of motion or the Killing tensors
obtained we can use the canonical basis. There we have
Q(j) = Q
(j)
aˆbˆ
ωaˆωbˆ =
n∑
µ=1
x2jµ (ω
µˆωµˆ + ω˜µˆω˜µˆ) , (3.46)
and also
Q(j) = 2
n∑
µ=1
x2jµ , wj =
n∑
µ=1
x2jµ (u
2
µˆ + u˜
2
µˆ) , (3.47)
where uaˆ denotes the basis components of the velocity
u♭ =
n∑
µ=1
(
uµˆω
µˆ + u˜µˆω˜
µˆ
)
+ ε u0ˆω
0ˆ . (3.48)
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3.3.3 Generating functions
Although formula (3.42) gives the constants of motion explicitly, the presence of
combinatoric factors makes calculations difficult in practice. In this subsection
we introduce generating functions [149] which allow to, aside from other things,
write down a more useful formula how to evaluate these constants.
We introduce the generating functionW (β),
W (β) ≡ det(I +√βw−1F ) . (3.49)
Due to the antisymmetry of F and properties of the determinant, W (β) can be
rewritten as a function of β instead of
√
β, and in terms of H and P instead of
F ,
W (β) = det1/2
(
I − βw−2F 2) = det(I −√β HP ) . (3.50)
Because it is constructed only in terms of covariantly conserved quantities F
and w, the generating function is conserved along γ, and the same is true for its
derivatives with respect to β. We can thus define constants of motion κj as the
coefficients in the β-expansion ofW (β):
W (β) ≡ 1
w
∞∑
j=0
κj β
j . (3.51)
It turns out that all terms with j > n are zero. To evaluate the observables κj ,
we can splitW (β) in the following way:
W (β) = W0(β) Σ(β) , (3.52)
where
W0(β) = det
(
I −
√
βH
)
= det1/2
(
I + βQ
)
,
Σ(β) = det
(
I+
√
βH
I−√βH p
)
= Tr
[ ∞∑
j=0
(√
βH
)j
p
]
=
∞∑
j=0
Tr(H2jp)βj
=
∞∑
j=0
(−1)jTr(Qjp)βj = Tr[(I + βQ)−1p] = 1
w
∞∑
j=0
(−1)jwjβj .
(3.53)
Here we have used the fact that the matrix in the determinant in the expression
for Σ(β) differs from I only in the one-dimensional subspace U given by u. The
generating function W (β) thus splits into a partW0(β) independent of u and a
part Σ(β) linear in p. Such generating function therefore leads to the tower of
2nd-rank Killing tensors; these will be described in the next section.
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Let us now consider a different generating function Z(β),
Z(β) ≡ logW (β) . (3.54)
Using the relation
log
[
det
(
I −A)] = − ∞∑
n=1
1
n
Tr(An) , (3.55)
we find
Z(β) = logW0(β) + log Σ(β) = log
[
det
(
I−
√
β HP
)]
= −
∞∑
j=1
1
2j
Tr
[
(HP )2j
]
βj =
∞∑
j=1
(−1)j+1
2j
Cj
wj
βj .
(3.56)
Constants Cj , given by (3.42), therefore correspond to terms proportional to
βj in the power expansion of Z(β). The first term of (3.42) is obtained from
logW0(β), and the sum over all possible splittings of the loop corresponds to the
βj term of log Σ(β). Clearly, the j-th derivative of log Σ(β) (evaluated at β = 0)
contains the sum over all possible products of l-th derivatives Σ(l)(0) which are
proportional to wl defined in (3.41). The factors N
j
l1...l2
can thus be obtained by
the explicit computation of the derivatives of the generating function log Σ(β):
Cj = w
jQ(j) − 2(−w)
j
(j − 1)!
dj
dβj
[
log
(
1 +
j∑
k=1
(−1)kwk
w
βk
)]
β=0
. (3.57)
With the help of this formula and a software for algebraic manipulation one can
easily generate constants of motion Cj .
The relation betweenW (β) and Z(β) implies that constants Cj and constants
κj [introduced in (3.51)] are related as follows:
Cj = −2(−w)
j
(j − 1)!
dj
dβj
[
log
(
w +
j∑
k=1
κkβ
k
)]
β=0
. (3.58)
So, Cj ’s are polynomial combinations of κj’s and w with constant coefficients.
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In particular, we get
C1 = 2κ1 ,
C2 = −4wκ2 + 2κ21 ,
C3 = 6w
2κ3 − 6wκ1κ2 + 2κ31 ,
C4 = −8w3κ4 + 8w2κ1κ3 + 4w2κ22 − 8wκ21κ2 + 2κ41 . (3.59)
3.3.4 Rank-2 Killing tensors
Using the canonical basis, let us now explicitly evaluate the 2nd-rank Killing
tensors generated by functionW (β). We again introduce the quantities
A(j) =
∑
ν1<···<νj
x2ν1 . . . x
2
νj
, A(j)µ =
∑
ν1<···<νj
νi 6=µ
x2ν1 . . . x
2
νj
. (3.60)
Then, with the help of relations (3.46) and (3.47), we find
W0(β) = det
1/2
(
I + βQ
)
=
n∏
µ=1
(1 + βx2µ) =
n∑
j=0
A(j)βj , (3.61)
Σ(β) =
1
w
∞∑
j=0
(−1)jwjβj = 1
w
(
εu2
0ˆ
+
∞∑
j=0
(−1)jβj
n∑
µ=1
(u2µˆ + u˜
2
µˆ) x
2j
µ
)
. (3.62)
The original generating function (3.52) reads
W (β) =
1
w
n∑
j=0
( j∑
l=0
(−1)lA(j−l)wl
)
βj =
1
w
n∑
j=0
[
εA(j)u2
0ˆ
+
n∑
µ=1
A(j)µ
(
u2µˆ + u˜
2
µˆ
)]
βj .
(3.63)
Comparing Eq. (3.63) with Eq. (3.51), we can identify n+ ε conserved quantities
κj (constants of geodesic motion, j = 0, . . . , n+ ε− 1),
κj =
j∑
l=0
(−1)lA(j−l)wl = εA(j)u20ˆ +
n∑
µ=1
A(j)µ
(
u2µˆ + u˜
2
µˆ
)
, (3.64)
which are quadratic in velocities. They are generated [232] by the 2nd-rank
Killing tensorsK(j)
κj = K
(j)
ab u
aub , ∇(aK(j)bc) = 0 , (3.65)
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where
K(j) =
j∑
l=0
(−1)lA(j−l)Q(l) =
n∑
µ=1
A(j)µ (ω
µˆωµˆ + ω˜µˆω˜µˆ) + εA(j)ω0ˆω0ˆ . (3.66)
The Killing tensor K(n) is present only in an odd number of spacetime dimen-
sions and it is reducible. Similar to Section 3.2.2 we exclude it from the set. The
remaining tensors (3.66) coincide with those of the extended tower introduced
in Section 3.2.2.
The first expression forK(j) in (3.66) can be easily derived from the recursive
relation (3.29) [107]. It immediately implies that
K(i) ·K(j) =K(j) ·K(i) , (3.67)
and thereforeK(j)’s have common eigenvectors (see also Section 6.3.1).
We shall prove in Chapter 5, that observables κj are in involution, that is, they
mutually Poisson commute:
{κi, κj} = 0 . (3.68)
This is equivalent to vanishing of the Schouten–Nijenhuis (SN) brackets [209],
[210], [187] for the corresponding Killing tensors (see Section 5.5):[
K(j), K(l)
]
abc
≡ K(j)e(a∇eK(l)bc) −K(l)e(a∇eK(j)bc) = 0 . (3.69)
Once (3.68) is proved for κj ’s, the relation (3.58) shows that also observables Cj
are in involution, and vice versa. An independent proof of mutual Poisson com-
mutativity of observables κj was later demonstrated in [107], using the method
of generating functions.
3.4 Tower of Killing vectors
In the previous two sections we have seen that the PCKY tensor determines
the whole set of hidden symmetries. In this section we demonstrate that it also
naturally generates n+ ε vectors ξ(k) (k = 0, . . . , n− 1 + ε)which turn out to be
the independent commuting Killing vector fields [149], [151].
The primary (Killing) vector ξ(0) ≡ ξ is defined by (3.4),
ξ
(0)
b ≡ ξb =
1
D − 1∇dh
d
b . (3.70)
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The secondary (Killing) vectors ξ(j) ≡ η(j) (j = 1, . . . , n−1) can be constructed as
ξ(j)a ≡ η(j)a ≡ K(j)abξb . (3.71)
In odd dimensions the last Killing vector is given by the n-th Killing–Yano ten-
sor (see Section 3.2.2)
ξ(n) ≡ f (n) . (3.72)
The proof that all these vectors are the mutually commuting Killing fields
which also (Schauten-Nijenhuis) commute with the Killing tensors constructed
in Section 3.3.4, [
ξ(i),K(j)
]
= 0 ,
[
ξ(i), ξ(j)
]
= 0 , (3.73)
is demonstrated in Chapter 7.2
2Historically, this fact was first proved [107] under the additional conditions
£ξg = 0 , £ξh = 0 . (3.74)
The first condition requires that ξ is a Killing vector. [This condition is trivially satisfied in any
Einstein space, cf. Eq. (2.11).] It is easy to see, that from the second condition it follows that also
η(j)’s are the Killing vectors. Indeed, from (3.3) we have ∇ξh = 0. Using (3.74), we find
£ξK
(j) = 0 , ∇ξK(j) = 0 , (3.75)
and therefore
∇(aη(j)b) =
1
2
£ξK
(j)
ab −∇ξK(j)ab = 0 . (3.76)
It is shown in Chapter 7 that both conditions (3.74) follow from the existence of the PCKY tensor.
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Chapter 4
PCKY tensor in the Kerr-NUT-(A)dS
spacetimes
In this chapter, based on [153], we demonstrate that the general Kerr–NUT–
(A)dS spacetime, describing the higher-dimensional arbitrarily rotating black
hole with NUT parameters and the cosmological constant, possesses the PCKY
tensor. We write the Kerr–NUT–(A)dS metric in canonical coordinates, com-
pletely determined by the PCKY tensor. In this (canonical) form, the metric can
be considered as a natural higher-dimensional generalization of the Carter’s
canonical form for the 4D Kerr-NUT-(A)dS solution. The invariant (geometri-
cal) definition of canonical coordinates makes the canonical form convenient for
calculations. For example, it is these coordinates in which the Hamilton–Jacobi
equation separates (see Chapter 6). We also introduce, a more general, (off-shell)
canonical metric and its principal canonical basis.
4.1 Overview of the Kerr-NUT-(A)dS metrics
The most general known higher-dimensional (D > 2) solution describing ro-
tating black holes with NUT parameters in an asymptotically (Anti) de Sitter
spacetime (Kerr-NUT-(A)dS metric) was found by Chen, Lu¨, and Pope [39]. We
write it in the following symmetric (analytically continued) form:
g =
n∑
µ=1
[
dx2µ
Qµ
+Qµ
(n−1∑
j=0
A(j)µ dψj
)2]
− εc
A(n)
( n∑
j=0
A(j)dψj
)2
. (4.1)
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Here, functions A(j), A
(j)
µ are given by (3.60), and
Qµ =
Xµ
Uµ
, Uµ =
n∏
ν=1
ν 6=µ
(x2ν − x2µ) . (4.2)
Metric functions Xµ are functions of xµ only, and for the Kerr-NUT-(A)dS solu-
tion take the form
Xµ =
n∑
k=ε
ckx
2k
µ − 2bµx1−εµ +
εc
x2µ
. (4.3)
Time is denoted by ψ0, azimuthal coordinates by ψj , j = 1, . . . , m ≡ D − n− 1,
xn is an analytical continuation of the Boyer–Lindquist type radial coordinate,
and xµ, µ = 1, . . . , n− 1, stand for latitude coordinates.1 The parameter cn is
proportional to the cosmological constant [102]
Rab = (−1)n(D − 1)cn gab , (4.4)
and the remaining constants ck, c > 0, and bµ are related to rotation parameters,
mass, and NUT parameters. One of these constants may be eliminated due to
the scaling symmetry. Themetric therefore constitutes the (D−1−ε)–parametric
Einstein space (see [39] for more details). The limit of flat spacetime is recovered
when cn = 0 and all of the parameters bµ are zero (equal of one another) in the
even (odd) dimensional case.
The Kerr-NUT-(A)dS spacetime (4.1)–(4.3) may be understood as a higher-
dimensional generalization of the four-dimensional Kerr-NUT-(A)dS solution
obtained by Carter [28], [27]. Moreover, the coordinates (xµ, ψj) used in the
metric are the higher-dimensional analogue of the canonical coordinates [27],
[28], [60], [199]. As discussed in the next section, they have a well defined ge-
ometrical meaning. More generally, it is possible to consider a broader class of
metrics (4.1) whereXµ’s are arbitrary functions of one variable;Xµ = Xµ(xµ). To
stress that such metrics do not necessarily satisfy the Einstein equations we call
them off-shellmetrics. It will be shown in Chapter 7, that the most general metric
element admitting the PCKY tensor, the canonical metric element, coincides with
the off-shell spacetime (4.1). Therefore, from now on we refer to the off-shell
spacetime (4.1), without imposing (4.3), as to the canonical metric. The canoni-
cal metric is of the special algebraic type D [102] of the higher-dimensional alge-
braic classification [178], [46], [45]. Let us finally remark that formulas (4.1)–(4.3)
1Similar to the 4D case (see Appendix A.1.3), the signature of the symmetric form of the met-
ric depends on the domain of xµ’s and signs of Xµ’s. The physical Kerr-NUT-(A)dS spacetime
is recovered when standard radial coordinate r = −ixn, and new parameter M = (−i)1+ǫbn,
are introduced, that is, by a simple Wick rotation. See also Section 9.4.1.
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are applicable also inD = 3where one recovers the 2–parametric BTZ black hole
[13].
In what follows we shall also use the orthonormal form of the metric
g = δabω
aˆωbˆ =
n∑
µ=1
(ωµˆωµˆ + ω˜µˆω˜µˆ) + εω0ˆω0ˆ , (4.5)
ωµˆ =
dxµ√
Qµ
, ω˜µˆ =
√
Qµ
n−1∑
j=0
A(j)µ dψj , ω
0ˆ =
√
−c
A(n)
n∑
j=0
A(j)dψj . (4.6)
The inverse metric reads
g−1 =
n∑
µ=1
[
Qµ(∂xµ)
2 +
1
QµU2µ
( m∑
k=0
(−x2µ)n−1−k∂ψk
)2]
− ε
cA(n)
(∂ψn)
2 , (4.7)
or, in the orthonormal form
g−1 = δabeaˆebˆ =
n∑
µ=1
(eµˆeµˆ + e˜µˆe˜µˆ) + εe0ˆe0ˆ, (4.8)
eµˆ =
√
Qµ∂xµ , e˜µˆ =
1√
QµUµ
m∑
j=0
(−x2µ)n−1−j∂ψj , e0ˆ =
∂ψn√−cA(n) . (4.9)
The inverse relations to (4.9) are
∂xµ =
eµˆ√
Qµ
, ∂ψj=
n∑
µ=1
√
QµA
(j)
µ e˜µˆ+εA
(j)
√
−c
A(n)
e0ˆ , ∂ψn=
√
−cA(n)e0ˆ . (4.10)
The determinant of the metric g reads
g = det(g) =
(−cA(n))ε U2 , U ≡ det[A(j)µ ] = n∏
µ,ν=1
µ<ν
(x2µ − x2ν) . (4.11)
In the last expression, A(j)µ , given by (3.60), is understood as the n × n matrix.
Some algebraic identities regarding these functions or other properties of the
canonical metric are gathered in Appendix C.4.
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4.2 Principal conformal Killing–Yano tensor
The general canonical metric (4.1) described in the previous section, and in
particular the Kerr-NUT-(A)dS spacetime (4.1)–(4.3), possesses a PCKY tensor
[153].2 The corresponding 1-form (KY) potential b reads
b =
1
2
n−1∑
j=0
A(j+1)dψj . (4.12)
The PCKY tensor, h = db, takes the following forms:
h =
1
2
n−1∑
j=0
dA(j+1)∧ dψj = 1
2
n∑
µ=1
[
dx2µ ∧
n−1∑
j=0
A(j)µ dψj
]
=
n∑
µ=1
xµω
µˆ ∧ ω˜µˆ . (4.13)
The last expression shows that the basis {ω}, introduced in (4.6), is a canonical
basis associated with the PCKY tensor h (see Section 3.1.2). In fact, this canon-
ical basis has an additional nice property that many of the Ricci coefficients of
rotation vanish [102], [151]; it is a principal canonical basis (see also Chapter 7).
Having a PCKY tensor and its canonical basis, we may employ the machin-
ery of Chapter 3. In particular, we obtain the following extended tower of the
2nd-rank irreducible Killing tensors (j = 0, . . . , n− 1):
K(j) =
n∑
µ=1
A(j)µ (ω
µˆωµˆ + ω˜µˆω˜µˆ) + εA(j)ω0ˆω0ˆ . (4.14)
The Killing fields (3.70)–(3.72) become (i = 1, . . . , n− 1)
ξ(0) = ∂ψ0 , ξ
(i) = ∂ψi , ξ
(n) = ∂ψn . (4.15)
This means that coordinates (xµ, ψj) are canonical coordinates. All of them are
completely determined by the PCKY tensor: ‘essential’ coordinates xµ are con-
nectedwith its eigenvalues (see Section 3.1.2), Killing coordinates ψj (j = 0, . . . , m)
are defined by the tower of Killing vectors generated from this tensor. It is this
invariant definition of coordinates what makes the form (4.1) of the canoni-
cal metric so convenient for calculations. For example, we shall see in Chap-
ter 6 that these coordinates are the normal separable coordinates for which the
Hamilton–Jacobi andKlein–Gordon equations allow the separation of variables.
2In fact, the PCKY tensor in higher dimensions was first discovered for the Myers–Perry
metrics [77], and only after that for the general Kerr-NUT-(A)dS spacetimes. For an account of
these historical developments we refer the reader to Appendix B.
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Chapter 5
Complete integrability of geodesic
motion
In this chapter we demonstrate that in the canonical spacetime (4.1), the n con-
stants of geodesic motion corresponding to the extended tower of Killing ten-
sors and the D − n constants of geodesic motion corresponding to the tower
of Killing vectors are functionally independent of one another, making a total
of D independent constants of motion in all dimensions D. The Poisson brack-
ets of all pairs of these D constants are zero, so, the geodesic motion in these
spacetimes is completely integrable [193], [148].
5.1 Constants of motion
In the previous chapter we have seen that the (off-shell) canonical spacetime
(4.1) admits the PCKY tensor h, (4.13), which in its turn generates the extended
tower of n Killing tensors K(j), (4.14), and the tower of D − n Killing vectors
∂ψk , (4.15). Together, these objects give D constants of geodesic motion,
1
Ψk = ξ
(k)
a u
a = u · ∂ψk , κj = K(j)abuaub = u ·K(j) · u . (5.2)
Here, we have denoted the momentum of the geodesic motion u, ua = dxa/dτ ,
and we understand all mentioned quantities as observables (i.e. functions) on
the phase space Γ ≡ T∗M . (For a review of the canonical mechanics on the
1Instead of constants κj , one can consider a different set of n constants corresponding to
various invariants of the form F , (3.31). For example, we may consider [cf. Eq. (3.37)]
C˜0 ≡ w = κ0 = u · u , C˜j ≡ Tr
[
(HP˜ )2j
]
= (−w)jCj , P˜ ≡ wP = wI −W . (5.1)
In Section 5.4, we shall use this choice to prove the Poisson commutativity of κj ’s.
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phase space Γ see, e.g., Appendix of [148].)
Let us now explicitly evaluate constants (5.2) in the orthonormal basis (4.5).
There we have
u♭ =
n∑
µ=1
(
uµˆω
µˆ + u˜µˆω˜
µˆ
)
+ ε u0ˆω
0ˆ . (5.3)
Using (4.10) and (3.64) we find
Ψk =
n∑
µ=1
√
QµA
(k)
µ u˜µˆ + εA
(k)
√
−c
A(n)
u0ˆ , Ψn =
√
−cA(n) u0ˆ , (5.4)
κj =
j∑
l=0
(−1)lA(j−l)wl =
n∑
µ=1
A(j)µ
(
u2µˆ + u˜
2
µˆ
)
+ εA(j)u2
0ˆ
. (5.5)
These formulas may be easily inverted using relation (4.10) and identities
n−1∑
j=0
(−x2ν)n−1−j
Uν
A(j)µ = δ
µ
ν ,
n∑
µ=1
A
(k)
µ
x2µUµ
=
A(k)
A(n)
, (5.6)
proved in Appendix C.4. The result is given by formula (5.7) below.
5.2 Complete integrability
Definition. A motion inMD is completely integrable if there exist D functionally
independent integrals of motion which are in involution, that is, they mutually
Poisson commute of one another [11], [145].
Proposition. The geodesic motion in the canonical spacetime (4.1) is completely
integrable. The geodesic momentum u can be written in the form (5.3), where the basis
components (expressed in terms of integrals of motion Ψk and κj) are:
uµˆ =
σµ
(XµUµ)1/2
(
XµVµ −W 2µ
)1/2
, u˜µˆ =
1√
Qµ
Wµ
Uµ
, u0ˆ =
Ψn
A(n)
√
A(n)
−c . (5.7)
Constants σµ = ±1 are independent of one another, and
Vµ ≡
m∑
j=0
(−x2µ)n−1−jκj , Wµ ≡
m∑
k=0
(−x2µ)n−1−kΨk , κn ≡ −
Ψ2n
c
. (5.8)
In order to prove this proposition, we need to establish the functional indepen-
dence and Poisson commutativity of integrals of motion κj andΨk. This is done
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in the following two sections.
The coordinate components of the velocity are
x˙µ =
σµ
|Uµ|
(
XµVµ −W 2µ
)1/2
, ψ˙k =
n∑
µ=1
(−x2µ)n−1−k
UµXµ
Wµ − ε Ψn
cA(n)
. (5.9)
To obtain these expressions we have used (4.6), and the explicit form of the
inverse metric (4.7). Using formula (C.48) proved in Appendix C.5 we can sym-
bolically integrate equations for ψk :
ψk =
n∑
µ=1
∫
σµsign(Uµ)f
(k)
µ dxµ√
XµVµ −W 2µ
, f (k)µ ≡
Wµ
Xµ
(−x2µ)n−1−k − ε
Ψn
cx2µ
. (5.10)
Similarly, we can express the affine parameter τ as [cf. Eq. (C.52)]
τ =
n∑
µ=1
∫
σµsign(Uµ)(−x2µ)n−1dxµ√
XµVµ −W 2µ
. (5.11)
5.3 Independence of constants of motion
In this section we want to demonstrate that quantities κj and Ψk are indepen-
dent at a generic point of the phase space Γ = T∗M . This means that their gradi-
ents on the phase space are linearly independent. To prove that it is sufficient to
show that these gradients are independent in the vertical direction of the cotan-
gent bundle T∗M , i.e., that the derivatives of these quantities with respect to
the momentum u, are linearly independent. To achieve this we will study the
wedge product of the ‘vertical’ derivatives. We denote the vertical derivative by
∂. For observable f , ∂f ≡ ∂f/∂u denotes a vector field on the manifold MD,
with components ∂f/∂ua.
Let us, instead of κj consider the equivalent set of observables
2κ˜j ≡ (−1)jκj = wj + . . . . (5.12)
Here we have used the first relation (5.5). ‘Dots’ denote terms which contain wk
with k < j. We are interested in the quantity2
J = ∂κ˜0 ∧ · · · ∧ ∂κ˜n−1 ∧ ∂Ψ0 ∧ · · · ∧ ∂Ψm . (5.13)
2The wedge product is, strictly speaking, defined for (antisymmetric) forms. However, we
can easily define the wedge product also for the vectors or lower the vector indices with the
help of the metric to get forms.
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Due to (5.2), (5.12), and the definition of wj , (3.41), we have
∂Ψj = ∂ψj , ∂κ˜j = Q
j · u+ . . . , (5.14)
where ‘dots’ denote linear combinations of Qk · u with k < j ; Ql · u represents
the vector with components Qaa1Q
a1
a2 · · ·Q
al−1
aj u
aj . From the antisymmetry of the
wedge product it follows that
J = u ∧ (Q · u) ∧ · · · ∧ (Qn−1 · u) ∧ ∂ψ0 ∧ · · · ∧ ∂ψm . (5.15)
Let us now use the explicit form ofQj [cf. Eq. (3.46)]
Qj =
n∑
µ=1
x2jµ eµˆω
µˆ +
n∑
µ=1
x2jµ e˜µˆ ω˜
µˆ . (5.16)
The second term acts on the subspace of vectors spanned on ∂ψj . Thus, thanks
to the term ∂ψ0 ∧ · · · ∧ ∂ψm in the wedge product, this part can be ignored in
(5.15). Moreover, taking into account that eµˆω
µˆ = ∂xµdxµ , and u
µ = dxµ ·u, the
substitution of (5.16) into (5.15) leads to
J = u1 . . . un U ∂x1 ∧ · · · ∧ ∂xn ∧ ∂ψ0 ∧ · · · ∧ ∂ψD−n−1 , (5.17)
where
U =
∑
permutations
σ of 1 . . . n
sign σ x2σ11 . . . x
2σn
n =
∏
µ,ν=1...n
µ<ν
(x2µ − x2ν) . (5.18)
In a generic point of the phase space we have uµ 6= 0 and x2µ 6= x2ν (for µ 6= ν)
and therefore J 6= 0 there. Thus we have shown that the constants of motion
are independent.
5.4 Poisson brackets
Finally, we need to show that observables κj and Ψj Poisson commute. The
Poisson bracket of two functions on the phase space Γ can be written as
{A,B} =∇A · ∂B − ∂A ·∇B , (5.19)
where ∇F represents an arbitrary (torsion-free) covariant derivative which ig-
nores the dependence of F on the momentum u, and ∂B is the derivative of B
with respect to the momentum u. ∇F and ∂F is a 1-form and a vector field on
the spacetime MD, respectively; the dot indicates a contraction between them.
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Naturally, we use the covariant derivative ∇ generated by the metric connec-
tion onMD.
Clearly, the commutation of any observable with the Hamiltonian
H =
1
2
w =
1
2
u · u = 1
2
κ0 (5.20)
of the geodesic motion is equivalent to the conservation of the observable. So
we have
{κ0, κj} = 0 , {κ0,Ψj} = 0 . (5.21)
The Poisson bracket between observablesΨj = u · ∂ψj reduces to the Lie bracket
of the Killing vector fields ∂ψj , which vanishes because ∂ψj are coordinate vec-
tor fields:
{Ψi,Ψj} = ∂ψj · (∇∂ψi) · u− ∂ψi · (∇∂ψj) · u =
[
∂ψj ,∂ψi
] · u = 0 . (5.22)
The Poisson bracket of κi with the observable Ψj = ∂ψj · u , associated with the
isometry ∂ψj , leads to the Lie derivative along this isometry,
{κi,Ψj} = ∂ψj ·∇κi − ∂κi ·∇∂ψj · u = £∂ψj
(
Kab(i)
)
uaub ≡ £∂ψjκi = 0 . (5.23)
Here, the ‘generalized’ Lie derivative £∂ψjκi ignores the dependence of κi on the
momentum u. It vanishes because ∂ψj are Killing vectors and Killing tensors
K(i) respect the symmetry of the spacetime.
Finally, it remains to evaluate the brackets {κi, κj}. We shall do it in two
steps: first, we prove that an equivalent set of observables C˜j , given by (5.1),
Poisson commute and, second, by relating these constants to κj we obtain the
desired result. So, let us consider the observables C˜j . Using the cyclic property
of the trace, the derivative of C˜j in the spacetime direction is
∇aC˜j = 2j Tr
[
(∇aH)P˜ (HP˜ )2j−1
]
. (5.24)
Here, ∇aH is the matrix of components ∇ahbc of the covariant derivative ∇h.
Substituting for∇ahbc from Eq. (3.7) and using the antisymmetry of h, we obtain
D−1
2j
∇eC˜j = ξa0P˜ a0b1 hb1a1 P˜ a1b2 . . . hb2j−2a2j−1 P˜ a2j−1e −gea2j P˜
a2j
b2j−1
hb2j−1a2j−1 . . . h
b1
a1P˜
a1
b0
ξb0
= 2 ξa0P˜
a0
b1
hb1a1P˜
a1
b2
. . . hb2j−2a2j−1 P˜
a2j−1
e . (5.25)
For the derivative with respect to the momentum u we get
1
4j
∂eC˜j = u
e
(
hd1c1P˜
c1
d2
hd2c2P˜
c2
d3
. . . P˜
c2j−1
d2j
hd2jd1
)
+hec1P˜
c1
d2
hd2c2P˜
c2
d3
. . . P˜
c2j−1
d2j
hd2jc2ju
c2j .
(5.26)
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Substituting (5.25) and (5.26) into (5.19) for {C˜i, C˜j} and using P˜ abub = 0 ,we find
D−1
16ij
{C˜i, C˜j} = ξa0P˜ a0b1 hb1a1 . . . P˜
a2i−1
b2i−1
hb2i−1c1 . . . P˜
c2j−1
d2j
hd2jc2ju
c2j
−ξa0P˜ a0b1 hb1a1 . . . P˜
a2j−1
b2j−1
hb2j−1c1 . . . P˜
c2i−1
d2i
hd2ic2iu
c2i = 0 . (5.27)
We thus proved that constants C˜j mutually Poisson commute. The same is, of
course, true for constants Cj , (3.37), which differ from C˜j only by rescaling (5.1).
The generating function Z(β), (3.54), is given by power series in β with coeffi-
cients given (up to constant factors) by constants Cj , cf. Eq. (3.56). Therefore
this function, and similarlyW (β) = expZ(β), Poisson commute with κ0 and Ψj ,
as well as with itself for different choices of β:{
Z(β1), Z(β2)
}
= 0 ,
{
W (β1),W (β2)
}
= 0 . (5.28)
This means, that also quantities κj generated fromW (β)mutually Poisson com-
mute. Therefore all the constants of motion are in involution and the geodesic
motion is completely integrable.
5.5 Lie algebra of Killing tensors
Let us use the opportunity to remind here that Killing tensors, as proper sym-
metry objects, form an appropriate Lie algebra. This will give us another point
of view on the above calculations.
We start with an observation that the Poisson commutativity of constants
corresponding to the isometries is equivalent to the vanishing of the Lie brackets
of these isometries [cf. Eq. (5.22)]. Similarly, the Poisson bracket of a quantity
corresponding to the Killing tensor and a quantity associated with the isometry
leads to the Lie bracket of the Killing tensor along the isometry [cf. Eq. (5.23)].
More generally, it is well known that Killing tensors form a Lie subalgebra of a
Lie algebra of all totally symmetric contravariant tensor fields on the manifold
with respect to the symmetric Schouten–Nijenhuis (SN) brackets [209], [210], [187].
The vanishing of these brackets is equivalent to the Poisson commutativity of
the corresponding constants of geodesic motion (see, e.g., [15]). In particular,
we have the following equations:[
K(i), K(j)
]abc
SN
≡ Ke(a(i) ∇eKbc)(j) −Ke(a(j) ∇eKbc)(i) = 0 , (5.29)[
∂ψj , K(i)
]ab
SN
≡ L∂ψjKab(i) = 0 . (5.30)
Taking the metric g as one of the Killing tensors in (5.29), we obtain the Killing
tensor equation (2.6). [Such an equation simply states that an observable corre-
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sponding to the Killing tensor commutes with theHamiltonian (5.20), and there-
fore constitutes a constant of geodesic motion.] Using the Schouten–Nijenhuis
brackets and the method of generating functions, an independent proof of the
Poisson commutativity of constants κj and Ψk generated by a PCKY tensor
obeying (3.74) was recently demonstrated [107].
Finally, we would like to mention that an interesting question whether also
Killing–Yano tensors form a closed Lie algebra was recently addressed in [130].
It is well known that forms on the manifold form a (graded) Lie algebra with
respect to the antisymmetric Schouten–Nijenhuis (aSN) brackets. For a p-form α
and a q-form β these are defined as
[α, β]
a1... ap+q−1
aSN ≡ p αb[a1... ap−1∇bβap... ap+q−1] + (−1)pqq βb[a1... aq−1∇bαaq... ap+q−1] .
(5.31)
The definition is connection independent; covariant derivativesmay be replaced
with partial derivatives. When one of the forms is a vector, the bracket reduces
to the Lie derivative.
One might expect that if Killing–Yano tensors are associated with symme-
tries in some ‘appropriately generalized’ sense they would form a closed subal-
gebra with respect to these brackets. The (aSN) bracket of a Killing vector and
a rank-2 Killing-Yano tensor is indeed a rank-2 Killing–Yano tensor [130]. Un-
fortunately, for two Killing–Yano tensors this is not, except the special case of a
constant curvature spacetime, generally true [130]. The KY tensor (as well as the
PCKY tensor) in the Kerr spacetime are the counter examples. The geometrical
meaning of the Killing–Yano symmetry therefore still remains veiled.
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Chapter 6
Separation of variables
In this chapter, based on [85], we demonstrate the separability of the Hamilton–
Jacobi and Klein–Gordon equations in the canonical spacetime (4.1). Such a sep-
arability provides an independent proof of complete integrability of geodesic
motion. We also review some related results and briefly discuss an open prob-
lem of separability of equations with spin.
6.1 Hamilton–Jacobi equation
The Hamilton–Jacobi equation for geodesic motion on a manifold with metric g
has the form
∂S
∂λ
+ gab ∂aS ∂bS = 0 . (6.1)
Here λ denotes an ‘external’ time which turns out to be an affine parameter of
the corresponding geodesic motion. We want to demonstrate that in the back-
ground (4.1) the classical action S allows an additive separation of variables
S = −wλ+
n∑
µ=1
Sµ(xµ) +
m∑
k=0
Ψkψk , (6.2)
with functions Sµ(xµ) of a single argument xµ .
Substituting (6.2) into the Hamilton–Jacobi equation (6.1) and using the form
(4.7) of the inverse metric, we obtain
n∑
µ=1
[XµS ′µ2
Uµ
+
1
XµUµ
( m∑
j=0
(−x2µ)n−1−kΨj
)2]
− ε Ψ
2
n
cA(n)
− w = 0 . (6.3)
Here, S ′µ denotes the derivative of function Sµ with respect to its single argu-
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ment xµ. Using identities (proved in Appendix C.4)
1 =
n∑
µ=1
(−x2µ)n−1
Uµ
,
1
A(n)
=
n∑
µ=1
1
x2µUµ
, (6.4)
and the definition ofWµ, (5.8), we can rewrite the last equation in the form
n∑
µ=1
Fµ
Uµ
= 0 , (6.5)
where Fµ are functions of xµ only:
Fµ =
W 2µ
Xµ
+XµS
′
µ
2 − w(−x2µ)n−1 − ε
Ψ2n
cx2µ
. (6.6)
Applying Lemma 2 of Appendix C.4, we realize that the general solution of (6.5)
is
Fµ =
n−1∑
j=1
κj(−x2µ)n−1−j , (6.7)
where κj are arbitrary constants. Denoting by
κ0 ≡ w , κn ≡ −Ψ
2
n
c
, (6.8)
and using the definition of Vµ, (5.8), we combine (6.6) and (6.7) to obtain equa-
tions for S ′µ ,
S ′2µ = −
W 2µ
X2µ
+
Vµ
Xµ
, (6.9)
which can be solved by quadratures. Thus we have shown that the Hamilton–
Jacobi equation (6.1) in the off-shell gravitational background (4.1) can be solved
by the classical action S in the separated form (6.2), with Sµ satisfying (6.9). The
separated solution contains D arbitrary constants. Namely, it contains m + 1 =
D − n constants Ψj (j = 0, . . . , m) and n constants κk (k = 0, . . . , n− 1).
The gradient of S gives the momentum pa = ∂aS. Substituting our expres-
sion for S we obtain pa in terms of the constants κk and Ψj :
pj = Ψj , p
2
µ = −
W 2µ
X2µ
+
Vµ
Xµ
. (6.10)
These relations can be inverted. Clearly, Ψj = pj are constants linear in the
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momentum generated by Killing vectors ∂ψj . The constants κk are quadratic
in momenta. They are connected with n (irreducible) Killing tensors K(k) ,
(k = 0, . . . , n− 1),
κk = K
(k)
ab p
apb , ∇(cK(k)ab) = 0 . (6.11)
One can easily find the explicit form of Kab(k) by inverting (6.6). Let us multiply
it by A
(k)
µ /Uµ, sum over µ, and use identities (see Appendix C.4)
n∑
µ=1
(−x2µ)n−1−j
Uµ
A(k)µ = δ
j
k ,
n∑
µ=1
A
(k)
µ
x2µUµ
=
A(k)
A(n)
, (6.12)
which are valid for j, k = 0, . . . , n− 1. Then we obtain
K(k) =
n∑
µ=1
[
A
(k)
µ
XµUµ
( m∑
j=0
(−x2µ)n−1−j∂ψj
)2
+A(k)µ Qµ(∂xµ)
2
]
− εA
(k)
cA(n)
(∂ψn)
2 , (6.13)
which are Killing tensors (4.14), written in the coordinate basis.
6.2 Klein–Gordon equation
The behavior of a massive scalar field Φ in the gravitational background g is
governed by the Klein–Gordon equation
✷Φ =
1√|g| ∂a(
√
|g|gab∂bΦ) = µ2Φ. (6.14)
In an Einstein space, this equation remains valid for the non-minimal coupling
case as well. (The term ξR is constant and can be included into the definition of
µ2.)
Now, we demonstrate that the Klein–Gordon equation (6.14) in the canonical
background (4.1) allows a multiplicative separation of variables
Φ =
n∏
µ=1
Rµ(xµ)
m∏
j=0
eiΨjψj . (6.15)
This equation has the following explicit form:
n∑
µ=1
[
∂xµ
(√|g|
Uµ
Xµ∂xµΦ
)
+
√|g|
UµXµ
( m∑
j=1
(−x2µ)n−1−j∂ψj
)2
Φ
]
−ε
√|g|
cA(n)
∂2ψnΦ =
√
|g|µ2Φ .
(6.16)
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Here, we have used the quasi-diagonal property of the inverse metric gab, (4.7),
and the fact that ∂ψj are Killing vectors. We further notice that [cf. Eq. (4.11)]
√
|g| ∝ UP ε , P ≡
n∏
µ=1
xµ , (6.17)
where “∝” means equality up to a constant factor [which can be ignored in
Eq. (6.16)]. Using identities (6.4) and the obvious fact that ∂xµ(U/Uµ) = 0, we
realize that (6.16) is equivalent to
n∑
µ=1
1
Uµ
[
∂xµ(P
εXµ∂xµΦ)
P ε
+
1
Xµ
( m∑
j=1
(−x2µ)n−1−j∂ψk
)2
Φ− ε∂
2
ψnΦ
cx2µ
−µ2(−x2µ)n−1Φ
]
= 0 .
(6.18)
Employing the ansatz (6.15), we have
∂ψjΦ = iΨjΦ , ∂xµΦ =
R′µ
Rµ
Φ , ∂2xµΦ =
R′′µ
Rµ
Φ , (6.19)
and the Klein–Gordon equation (6.18) takes the form
n∑
µ=1
Gµ
Uµ
Φ = 0 , (6.20)
where Gµ is function of xµ only,
Gµ = Xµ
R′′µ
Rµ
+
R′µ
Rµ
(
X ′µ + ε
Xµ
xµ
)
− W
2
µ
Xµ
+
εΨ2n
cx2µ
− µ2(−x2µ)n−1. (6.21)
As earlier, the prime means the derivative of functions Rµ and Xµ with respect
to their single argument xµ, and we have used the definition (5.8) for Wµ. Em-
ploying again Lemma 2 of Appendix C.4, we realize that the general solution of
(6.20) is
Gµ = −
n−1∑
j=1
κj(−x2µ)n−1−j , (6.22)
where κj are arbitrary constants.
Therefore, we have demonstrated that the Klein–Gordon equation (6.14) in
the background (4.1) allows amultiplicative separation of variables (6.15), where
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functions Rµ(xµ) satisfy the ordinary second order differential equations
(
XµR
′
µ
)′
+ ε
Xµ
xµ
R′µ +
(
Vµ −
W 2µ
Xµ
)
Rµ = 0 . (6.23)
Here, functions Vµ andWµ are defined in (5.8). They contain
κ0 = −µ2 , κn = −Ψ
2
n
c
, (6.24)
and arbitrary separation constants Ψj (j = 0, . . . , m) and κk (k = 1, . . . , n − 1).
These constants are related to the constants obtained by the separation of the
Hamilton–Jacobi equation by the geometric optics approximation. This connection
is briefly discussed in the next section.
It should be emphasized that in the symmetric form of the metric (4.1) all
equations (6.23) ‘look the same’. However, in order to use the proved separa-
bility for concrete calculations in the physical Kerr-NUT-(A)dS spacetime one
needs to specify metric functions Xµ to have the form (4.3) and perform a Wick
rotation to the ‘physical space’ (see Footnote 1 in Chapter 4, and also Section
9.4.1). Such a transformation ‘spoils’ the symmetry between essential coordi-
nates but the separability property remains. The equation for Rn then plays the
role of an equation for propagating radial modes, whereas the other equations
(with imposed regularity conditions) represent the eigenvalue problems. For
a discussion of special sub-cases of these equations see, e.g, [18] and reference
therein.
6.3 Understanding connections
To obtain a more complete picture about the above described separability, let us
in this section review two closely related results. Namely, we review the theory
of separability structures, and briefly describe a recent result [212] on symmetry
operators for the Klein–Gordon equation in the canonical background.
6.3.1 Separability structures
The separation of variables for the Hamilton–Jacobi equation in any number
of spacetime dimensions allows a geometric characterization described by the
theory of separability structures, see, e.g., [14], [15], [63], [118]. Let us briefly recall
the main results of this theory.
Separability structures are classes of separable charts for which the Hamilton–
Jacobi equation allows an additive separation of variables. For each separabil-
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ity structure there exists such a family of separable coordinates which admits
a maximal number of, let us say r, ignorable coordinates. Each system in this
family is called a normal separable system of coordinates. The corresponding sep-
arability structure is denoted by δr. Its existence is governed by the following
central theorem:
Theorem. A manifold (MD, g) admits a δr-separability structure if and only
if it admits r commuting Killing vectorsX(k) (k = 0, . . . , r−1) andD−r Killing
tensorsK(α) (α = 0, . . . , D − r − 1), all of them independent, which satisfy:
(i) in the Lie algebra of Killing tensors with Schouten–Nijenhuis brackets the
commutation relations[
K(α), K(β)
]abc
SN
≡ Ke(a(α) ∇eKbc)(β) −Ke(a(β) ∇eKbc)(α) = 0 , (6.25)[
X(k), K(β)
]ab
SN
≡ LX(k)Kab(α) = 0 , (6.26)
(ii) the Killing tensorsK(α) have in common D − r eigenvectorsX(α) such that
[X(α),X(β)] = 0 , [X(α),X(k)] = 0 , g(X(α),X(k)) = 0 . (6.27)
Let us mention two implications of this theory (we refer to the original publi-
cations for more details).
(1) The existence of separability structure implies complete integrability of geodesic
motion. Indeed, the requirement of independence means that r linear in mo-
menta constants of motion c(k) associated with Killing vectorsX(k) and (D − r)
quadratic in momenta constants of motion c(α) corresponding to Killing ten-
sors K(α) are functionally independent. Moreover, equations (6.25), (6.26), are
equivalent to (see also Section 5.5)
{c(α), c(β)} = 0 , {c(k), c(α)} = 0 , (6.28)
which, together with {c(k), c(l)} = 0 (following from the commutativity of Killing
vectors), implies that all these D constants are in involution and hence the mo-
tion is completely integrable. In particular, this means that the proved sepa-
rability of the Hamilton–Jacobi equation establishes an independent proof of
complete integrability of geodesic motion, demonstrated in Chapter 5.
(2) D vectors {X(α),X(k)} form a natural basis {∂x} associated with normal
separable coordinates xa. This allows to write down the canonical metric element
of the ‘separable’ spacetime, e.g., [15]. The authors of [107], [106] used this fact
to prove that the existence of a PCKY tensor, obeying the assumptions (3.74),
restricts the metric of the spacetime to the canonical form (4.1). Their proof con-
sists of showing that the tower of Killing tensors K(j) together with the tower
of Killing vectors ξ(k) generated by a PCKY tensor (see Chapter 3) obey all the
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requirements of the above theorem. Hence, the Hamilton–Jacobi equation in
a spacetime admitting this tensor is separable. The corresponding canonical
element turns out to be the off-shell spacetime (4.1). In Chapter 7, we show
that (4.1) follows from the existence of a PCKY tensor directly, without referring
to the theory of separability structures, and even without imposing conditions
(3.74).
Let us finally mention another theorem which relates the (additive) separa-
bility of the Hamilton–Jacobi equation with the (multiplicative) separability of
the Klein–Gordon equation (see, e.g., [14]).
Theorem. The Klein–Gordon equation allows a multiplicative separation of
variables if and only if the manifold (MD, g) possesses a separability structure
in which the vectorsX(α) are eigenvectors of the Ricci tensor.
Corollary. If the manifold is an Einstein space, the Hamilton–Jacobi equation is
separable if and only if the same holds for the Klein–Gordon equation.
This corollary explains why, after separating the Hamilton–Jacobi equation,
we were able to separate also the Klein–Gordon equation. Another explanation
is in the following subsection.
6.3.2 Symmetry operators
After the Hamilton–Jacobi and Klein–Gordon equations in the canonical back-
ground were separated [85], it turned out that one can construct symmetry op-
erators for these equations [212], which invariantly characterize such a separa-
bility. Following closely the latter paper, let us recapitulate this connection.
Following the ‘first quantization rule’, pa → −iα∇a, where α is some scaling
constant, one can consider the operator counterparts of the conserved quantities
(5.2). So, one can introduce the operators [cf. Eqs. (1.6)]
ξˆ(k) = −iαξ(k)a∂a , k = 0, . . . , m , (6.29)
Kˆ(j) = − α
2√|g| ∂a
(√
|g|Kab(j)∂b
)
, j = 0, . . . , n− 1 . (6.30)
It was proved in [212] that all these operators mutually commute in the canoni-
cal background (4.1). This means that there exist joint eigenfunctions, modes Φ,
specified by the eigenvalues Ψk and κj , so that
ξˆ(k)Φ = ΨkΦ , Kˆ(j)Φ = κjΦ . (6.31)
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In the background (4.1) these equations allow a separated solution
Φ =
n∏
µ=1
Rµ(xµ)
m∏
k=0
e
i
α
Ψkψk , (6.32)
provided that functions Rµ(xµ) obey the ordinary differential equations [212]
α2
(
XµR
′
µ
)′
+ εα2
Xµ
xµ
R′µ +
(
Vµ −
W 2µ
Xµ
)
Rµ = 0 . (6.33)
In particular, since Kˆ(0) = −α2✷ , modes Φ (6.32) are solutions of the Klein–
Gordon equation (
α2✷+ κ0
)
Φ = 0 , (6.34)
and {ξˆ(k), Kˆ(j)} form a complete set of commuting symmetry operators for this
equation (see, e.g., [177], [88] and references therein).
The constants of separation for the Klein–Gordon equation are related to the
constants obtained for the Hamilton–Jacobi equation. Writing the solution of
Eqs. (6.31) in the form
Φ = A exp
( i
α
S
)
, (6.35)
one obtains in the geometric optics approximation, α→ 0, a new set of equations
ξa(k)∂aS = Ψk , K
ab
(j)∂aS∂bS = κj . (6.36)
One can easily recognize the Hamilton–Jacobi equation (6.1) and, upon identi-
fying ∂aS with pa, the separation constants (6.10) and (6.11). Moreover, substi-
tuting Rµ = exp
(
i
α
Sµ
)
into (6.32) yields an additive separation ansatz (6.2), and
in geometric optics approximation Eq. (6.33) gives directly Eq. (6.9).
6.4 Discussion
In this chapter we have demonstrated the separability of the Hamilton–Jacobi
and the scalar field equations in the general canonical spacetime (4.1). This
allows one to study the particle and light propagation in completely general
higher-dimensional rotating black hole spacetimes, or to calculate the contribu-
tion of a scalar field to the bulk Hawking radiation of these black holes.
These results are very promising and might suggest that also the equations
with spin can be in this background decoupled and separated. In fact, the sep-
arability of the massive Dirac equation was already demonstrated [189]. We ex-
pect that, similar to the 4-dimensional case [32], [126], in higher dimensions also
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the separability of the Dirac equation can be characterized by the corresponding
symmetry operators. These operators are well known [16], [25].
An important open question is a separability problem for the electromag-
netic and the gravitational perturbations in higher-dimensional black hole space-
times. A certain progress in this direction was achieved recently (see, e.g., [139],
[157], [183]). These results are very important for the study of the stability
of such black holes and different aspect of the Hawking radiation produced
by them. Another important direction of research is to study the quasinormal
modes in higher dimensions. The results obtained in these directions so far re-
stricts mainly to non-rotating (or not generally rotating) black holes (see, e.g.,
[112], [20], [21], [22], [23], [142], [143], [23], [24], [237], [127], [165], [164], [166],
[144], [167], [138], [140], [34], [184], and references therein).
At a first glance it seems that to attack these problems in full generality, for
example in the way of Teukolsky [222], [223], may not be possible. On the other
hand, it might be useful to study the invariant structures determined by the
PCKY tensor. For example, in 4D the method of the Debye potentials [17] allows
one to decouple the electromagnetic perturbations. Unfortunately, this method
seems to lie heavily on the self duality property of electromagnetic fields in four
dimensions. Another starting point could be to search for the analogues of the 4-
dimensional symmetry operators (see, e.g., [124], [121], [119], [120], [122], [123])
which invariantly characterize the separability of field equations with spin in
the Kerr background.
It is an important open question to ask whether the existing symmetry con-
nected with the towers of hidden symmetries generated by the PCKY tensor is
enough to enable the decoupling and separation of the higher spin fields equa-
tions.
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Chapter 7
Canonical metric and
Kerr-NUT-(A)dS uniqueness
In previous chapters we have seen that the general off-shell metric element (4.1)
admits the PCKY tensor h, (4.13), from which complete integrability of geodesic
motion and separability of the Hamilton–Jacobi and Klein–Gordon equations
can be derived. In this chapter we want to address the question of uniqueness
and generality of these results. This leads us to the study of metric elements
admitting a PCKY tensor. In particular, we demonstrate the following two im-
portant results: First, we establish that the Kerr-NUT-AdS spacetime (4.1)–(4.3)
is the most general solution of the vacuum Einstein equations with the cosmo-
logical constant which possesses the PCKY tensor. Second, without imposing
the Einstein equations, we explicitly derive the canonical form of the metric ad-
mitting such a tensor and show that it coincides with the off-shell metric (4.1).
These results naturally generalize the results obtained earlier in four dimen-
sions. This chapter is based on [151].
7.1 Uniqueness of the Kerr-NUT-(A)dS spacetime
In this section we prove that the most general solution of the Einstein equa-
tions with the cosmological constant which admits a PCKY tensor is the Kerr-
NUT-(A)dS spacetime (4.1)–(4.3). Instead of giving a formally organized proof
we shall deduce this statement from filling two missing pieces in the mosaic
of already known facts. Namely, it was demonstrated in [107], [106] that the
Kerr-NUT-(A)dS spacetime is the only Einstein space admitting the PCKY ten-
sor obeying the additional restrictions
£ξh = 0 , £ξg = 0 . (7.1)
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Here we prove that both these conditions already follow from the existence of
the PCKY tensor, together with the restriction on a vacuum solution of the Ein-
stein equations with the cosmological constant.
7.1.1 Condition on the PCKY tensor
In this subsection we concentrate on the first condition in (7.1). At first we con-
sider the case of an even dimension,D = 2n, and then briefly discuss what hap-
pens in the odd-dimensional case. Besides the canonical basis (Section 3.1.2), it
is convenient to introduce also a basis of complex null eigenvectors, {mµˆ, m¯µˆ},
defined by the relations1
hˇ ·mµˆ ≡ −ixµmµˆ , hˇ · m¯µˆ ≡ ixµm¯µˆ . (7.2)
Here, hˇ is the operator with components hab , bar denotes the complex conjuga-
tion, and xµ’s describe the eigenvalues of hˇ [cf. Eq. (3.13)].
2 The complex null
vectors satisfy the normalization
mµˆ ·mνˆ = m¯µˆ · m¯νˆ = 0 , mµˆ · m¯νˆ = δµν . (7.3)
They are connected with the canonical vectors {eµˆ, e˜µˆ} as follows:
mµˆ =
1√
2
(e˜µˆ + ieµˆ) , m¯µˆ =
1√
2
(e˜µˆ − ieµˆ) . (7.4)
Let us further denote Dµˆ ≡ ∇mµ and D¯µˆ ≡ ∇m¯µˆ . Using the PCKY Eq. (3.3) one
has
(Dµˆhˇ) ·mνˆ = (mνˆ · ξ)mµˆ . (7.5)
Applying Dµˆ to (7.2) and using (7.5) one obtains
(hˇ+ ixνδ) ·Dµˆmνˆ + i(Dµˆxν)mνˆ + (mνˆ · ξ)mµˆ = 0 . (7.6)
By taking a scalar product of (7.6) with m¯νˆ , using antisymmetry ofh and Eq. (7.2)
again, the first term cancels out. Considering two cases when ν = µ and when
ν 6= µ one gets
Dµˆxν = 0 for ν 6= µ , Dµˆxµ = imµˆ · ξ . (7.7)
1The eigenvectors of the PCKY tensor play a special role. One can prove that they coincide
with the principal null directions (see Appendix C.1).
2In this chapter we do not have a fixed background; we are constructing the metric. It is
therefore necessary to distinguish various positions of indices. In particular, we denote by h a
PCKY 2-form, whereas by hˇ a PCKY operator hab.
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Let us define functions Qµ in terms of magnitudes of complex quantities Dµˆxµ :
Qµ ≡ 2|Dµˆxµ|2 , Dµˆxµ = 1√
2
√
Qµ e
iα . (7.8)
As mentioned in Section 3.1.2, the canonical basis is not fixed by Eqs. (3.12)
and (3.13) uniquely. There remains a freedom of a rotation in each KY 2-plane,
ωµ ∧ ω˜µ, which in terms of the null basis (7.4) reads mµˆ → exp(iϕµ)mµˆ. We
uniquely fix the canonical basis by setting the phase factor α = π/2. Then, we
have
Dµˆxµ =
i√
2
√
Qµ . (7.9)
Using (7.7) and (7.9) we find
ξ =
1√
2
∑
µ
√
Qµ (mµˆ + m¯µˆ) =
∑
µ
√
Qµ e˜µˆ. (7.10)
Eqs. (7.7) and (7.9) also give us that the gradient dxµ of the eigenvalue xµ is
proportional to ωµˆ,
dxµ =
√
Qµω
µˆ . (7.11)
A simple calculation employing Eqs. (3.12), (7.10) and (7.11) shows that
ξ · h = −
∑
µ
xµ
√
Qµω
µˆ = d
(
−1
2
∑
µ
x2µ
)
. (7.12)
With the help of the fact that this 1-form is exact and using the closeness of h
we immediately obtain the desired relation
£ξh = ξ · dh+ d(ξ · h) = 0 . (7.13)
In an odd-dimensional case, equipped with the extra direction e0ˆ, we have
besides (7.2) also an additional equation
hˇ · e0ˆ = 0 . (7.14)
Let us denote D0ˆ ≡ ∇e0ˆ , and apply this operator on (7.2). Proceeding analo-
gously to the derivation of (7.7) we obtain
D0ˆxν = 0 , (7.15)
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and therefore Eq. (7.11) still holds. Moreover, denoting by
e0ˆ · ξ ≡
√
− c
A(n)
, (7.16)
we obtain the expression for ξ, valid in any dimension D,
ξ =
∑
µ
√
Qµ e˜µˆ + ε
√
− c
A(n)
e0ˆ . (7.17)
Using (7.14), we finally find that Eqs. (7.12) and (7.13) remain unchanged.
7.1.2 Killing vector condition
The second condition in Eq. (7.1), which states that ξ is a Killing vector, is auto-
matically satisfied in any Einstein space. Indeed, it was demonstrated in [219]
(see also Appendix C.2) that
∇(aξb) = 1
D − 2 Rn(ahb)
n . (7.18)
For spaces obeying the vacuum Einstein equations with the cosmological con-
stant we have the Ricci tensor proportional to the metric and thanks to the anti-
symmetry of hwe immediately get∇(aξb) = 0, that is £ξg = 0.
Thus, when the vacuum Einstein equations with the cosmological constant
are imposed both conditions (7.1) are valid and using the results of [107], [106]
one can derive that the metric has to be the Kerr-NUT-(A)dS spacetime (4.1)–
(4.3).
7.2 Canonical metric element
In this section we explicitly construct the canonical metric admitting the PCKY
tensor. Namely, we show that the most general metric element admitting this
tensor is the off-shell metric (4.1). Our demonstration extends the result of [107],
[106] where it was proved provided the additional conditions (7.1) and with the
help of the theory of separability structures (see Section 6.3.1). Let us empha-
size that, contrary to the previous section, we work off-shell, that is without
imposing the Einstein equations.
It might seem that an obvious path to follow is to prove that (yet off-shell)
both conditions (7.1) can still be derived from the very existence of the PCKY
tensor and then use the result of [107], [106]. In fact, going through the proof
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of the previous section, we realize that the first condition is indeed satisfied off-
shell. However, it is not a straightforward task to prove the second condition
(7.1) without imposing the Einstein equations. Therefore, instead we proceed in
a different way. We explicitly demonstrate that besides n natural coordinates3
xµ, associated with the eigenvalues of h, it is possible to introduce n + ε addi-
tional coordinates ψk, associated with the tower of vectors generated from h,
(3.70)–(3.72), so that the metric and the PCKY tensor take the form (4.1) and
(4.13), respectively. Here we sketch only main steps of the derivation and for
simplicity restrict to an even dimension D = 2n. Technical details of this con-
struction, including the odd-dimensional case, are in preparation [150].
First, taking all projections of equation (7.6), we collect a partial information
about the Ricci coefficients. For example, we obtain that only those Ricci coeffi-
cients with at least two indices equal are nonvanishing. Next, using ξ · dxµ = 0
we can calculate the Lie derivative of eµˆ in terms of function qµ ,
qµ ≡ ξ · d
[
ln(
√
Qµ)
]
. (7.19)
Using duality relations and action of the PCKY tensor we find
£ξeµˆ = qµeµˆ +
∑
ν
Eνµ e˜νˆ , £ξe˜µˆ = −qµe˜µˆ , (7.20)
where Eνµ are yet unspecified. Expressing these Lie derivatives using covari-
ant derivatives gives an additional information about the Ricci coefficients and
determines Eνµ in terms of the Ricci coefficients and derivatives of Qµ. It also
guarantees that e˜νˆ · dQµ = 0 for µ 6= ν and qµ = e˜µˆ · d
√
Qµ. These facts allow us
to calculate the Lie brackets among all the vectors eµˆ, e˜µˆ of the canonical basis.
They do not commute, with the exception: [e˜µˆ, e˜νˆ ] = 0.
Now, we introduce a new basis {ǫµ, ǫ˜k}, µ = 1, . . . , n, k = 0, . . . , n− 1,
ǫµ =
1√
Qµ
eµˆ , ǫ˜k =
∑
µ
A(k)µ
√
Qµ e˜µˆ , (7.21)
with A
(k)
µ given by (3.60). The meaning of the basis vectors ǫ˜k is elucidated by
observing that they coincide with the vector fields ξ(k), (3.70)–(3.71), generated
from the PCKY tensor.
Using the known Ricci coefficients and the Jacobi identity we can prove that
3Let us remind that it is a part of the definition of the PCKY tensor that its eigenvalues xµ are
functionally independent in some spacetime domain. This means that xµ’s are non-constant,
independent, scalar functions with different values at a generic point of the manifold and one
can use them as natural coordinates.
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vectors of this frame do commute,
[ǫµ, ǫν ] = [ǫµ, ǫ˜k] = [ǫ˜k, ǫ˜l] = 0 . (7.22)
Moreover, for the dual frame
ǫµ =
√
Qµ ω
µˆ = dxµ , ǫ˜
k =
∑
µ
(−x2µ)n−1−k
Uµ
√
Qµ
ω˜µˆ (7.23)
we show
dǫµ = 0 , dǫ˜k = 0 . (7.24)
Both conditions (7.22) and (7.24) ensure that additionally to xµ, µ = 1, . . . , n, it is
possible to introduce coordinates ψk, k = 0, . . . , n− 1, such that
ǫµ = ∂xµ , ǫ˜k = ∂ψk , ǫ
µ = dxµ , ǫ˜
k = dψk . (7.25)
Taking into account the inverse of Eqs. (7.23) we get
ωµˆ =
1√
Qµ
dxµ , ω˜
µˆ =
√
Qµ
n−1∑
k=0
A(k)µ dψk , (7.26)
which coincides with the basis 1-forms of the orthonormal form of the met-
ric (4.6), with unspecified metric functions Qµ. However, in the process, we
also learn that metric functions Qµ must take the form (4.2), particularly that
qµ = 0 and E
ν
µ = 0. This finishes the proof of our main result: we have con-
structed a coordinate system in which the canonical metric element admitting
the PCKY tensor takes the off-shell form (4.1). Let us emphasize that this result
was achieved without imposing the Einstein equations, starting only from the
quantities determined by the PCKY tensor. As a corollary of this construction,
we have established that all the vectors ξ(k) are Killing vectors.
Let us finally mention, that very recently the authors of [109], [108] were able
to construct the most general metric element admitting a closed CKY 2-form.
Such a 2-form, besides the functionally independent eigenvalues, may also ad-
mit the constant eigenvalues.4 The key observation for the construction is the
fact that Eq. (3.3) for a closed CKY 2-form forbids the possibility of degener-
ate non-constant eigenvalues, that is, the Darboux subspaces corresponding to
the non-constant eigenvalues are always 2-dimensional. This means, that with
respect to the functionally independent eigenvalues the metric ‘behaves’ as the
4This, in particular, incorporates the case of a covariantly constant PCKY tensor, that is a
PCKY tensor for which the primary vector ξ vanishes. Such a tensor possesses only the constant
eigenvalues.
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canonical spacetime for the PCKY tensor, and one has to find only the ‘trivial’
part, corresponding to the constant eigenvalues. The resulting canonical ele-
ment turns out to be the ‘generalized Kerr-NUT-(A)dS spacetime’ [109], [108],
or more precisely, the Kaluza–Klein metric on the bundle over Ka¨hler manifold
whose fibres are canonical metric elements described above. These results com-
plete the classification of all spacetimes admitting a closed CKY 2-form.
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Part III
Further Developments
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Chapter 8
Stationary strings and branes
In this chapterwe demonstrate complete integrability of theNambu–Goto equa-
tions for a stationary string in the canonical spacetime (4.1). The stationary
string in D dimensions is generated by a 1-parameter family of Killing trajec-
tories and the problem of finding a string configuration reduces to a problem
of finding a geodesic line in an effective (D − 1)-dimensional space. Resulting
integrability of this geodesic problem is connected with the existence of hidden
symmetries which are inherited from the black hole background. More gener-
ally, in a spacetime with p mutually commuting Killing vectors it is possible to
introduce a concept of a ξ-brane, that is a p-brane with the worldvolume gen-
erated by these fields and a 1-dimensional curve. We discuss conditions of the
integrability of such ξ-branes in the Kerr-NUT-(A)dS spacetime (4.1)–(4.3). This
chapter is based on [154].
8.1 Introduction
There are several reasons why the problem of interaction of strings and branes
with black holes attracted interest recently. Fundamental strings and branes
are basic objects in string theory [203], and black holes (as well as other black
objects) form an important class of solutions of the low-energy effective action
in this theory (see, e.g., [191]). On the other hand, cosmic strings and domain
walls are topological defects which can be naturally created during phase tran-
sitions in the early Universe (see, e.g., [230], [204], [58]). Their interaction with
astrophysical black holes may result in interesting observational effects. In both
cases we are dealing with a problem when the interacting objects are non-local
and relativistic. An important example is an interaction of a bulk black hole
with a brane representing our world in the brane world models (see, e.g., [68],
[82], [83], [84], [207], [172]). A stationary test brane interacting with a bulk black
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hole can be used as a toy model for the study of (Euclidean) topology change
transitions [76]. This model demonstrates interesting scaling and self-similarity
properties during such phase transitions, similar to the Choptuik critical col-
lapse [43] and merger black hole transitions [141], [12]. These models may also
have far going interesting consequences for the study of phase transitions in
quantum chromodynamics (see, e.g., [176], [137], [5], [110]).
Even in an idealized case, when one neglects the effects connected with the
thickness of the strings and branes and their tension, this problem is quite com-
plicated. The reason is evident: the Dirac–Nambu–Goto action for these objects
in an external gravitational field is very nonlinear. In a general case numerical
calculations are required (see, e.g., [215], [214], [67]). When the effects of thick-
ness and tension are taken into account these numerical calculations become
even more involved (see, e.g., [181], [182], [71], [73], [72]).
Study of stationary configurations of strings and branes in a background of a
stationary black hole is simpler problem which in several cases allows complete
solution. One of the examples is a stationary string in the Kerr spacetime. It
was shown [86] that the Hamilton–Jacobi equation for such a string allows a
complete separation of variables. It was also demonstrated [31], [33] that this
property is directly connected with the hidden symmetry of the Kerr metric
generated by the Killing tensor [232] discovered by Carter in 1968 [27]. More
recently, Carters’s method was applied to 5-dimensional rotating black holes
and the Killing tensor was found in these spacetimes [81], [80]. This result was
used to show that the equations for a stationary string in the 5-dimensional
Myers–Perry metric are completely integrable [79].
Here we demonstrate that this result allows a generalization to higher di-
mensional rotating black holes in an arbitrary number of spacetime dimensions.
Namely, we show that a stationary string configuration is completely integrable
in the canonical spacetime (4.1). We use the fact that after performing a dimen-
sional reduction along the Killing trajectories, the stationary string equation in
a D-dimensional stationary spacetime can be reduced to a geodesic equation
in a (D − 1)-dimensional space with a metric conformal to the reduced met-
ric. The separability of the Hamilton–Jacobi equation in this effective metric
follows from the separability of the Hamilton–Jacobi equation in the originalD-
dimensional canonical spacetime proved in Chapter 6 and a special property of
the primary (timelike) Killing vector.
There is a natural generalization of the concept of a stationary string in the
case when there exist several mutually commuting Killing vectors. If p is a
number of these fields one may consider a (p + 1)-hypersurface generated by
the Killing vectors passing through a 1-dimensional line. We call a ξ-brane an
extended object, a p-brane, with the worldvolume associated with this hyper-
surface. We discuss integrability conditions for ξ-branes in the Kerr-NUT-(A)dS
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spacetime (4.1)–(4.3) and give some examples of integrable systems.
8.2 Stationary strings
Consider a string in a stationary D-dimensional spacetime MD. Let xa (a =
0, . . . , D − 1) be coordinates in it and
ds2 = gabdx
adxb (8.1)
be its metric. We denote by ξa the corresponding Killing vector which is timelike
at least in some domain ofMD. We call the string stationary if ξa is tangent to the
2-dimensional worldsheet Σξ of the string in this domain. In other words, the
surface Σξ is generated by a 1-parameter family of the Killing trajectories (the
integral lines of ξa).
A general formalism for studying a stationary spacetime based on its folia-
tion by Killing trajectories was developed by Geroch [90]. In this approach, one
considers a set S of the Killing trajectories as a quotient space and introduce the
structure of the differential Riemannian manifold on it. The projector hab onto S
is related to the metric gab as follows:
gab = hab + ξaξb/ξ
2 . (8.2)
In this formalism, a stationary string is uniquely determined by a curve in S.
The equation for this curve follows from the Nambu–Goto action
I = −µ
∫
d2ζ |γ|1/2 . (8.3)
Here µ is the string tension. As it enters the Nambu–Goto action as a common
factor, its value is not important and one can always put µ = 1. The string
worldsheet can be parametrized by xa = xa(ζA), where ζA are coordinates on
Σξ, (A = 0, 1). We denote by γAB the induced metric on Σξ
γAB =
∂xa
∂ζA
∂xa
∂ζB
gab , (8.4)
and by γ its determinant.
Let Killing time parameter be t, so that ξa∂a = ∂t, and let y
i be coordinates
which are constant along the Killing trajectories (coordinates in S). Then, the
non-vanishing components of the projection operator hab are hij (reduced met-
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ric) and the metric (8.1)-(8.2) takes the form
ds2 = −F (dt+ Aidyi)2 + hijdyidyj , (8.5)
F = gtt = −ξaξa , Ai = gti/gtt . (8.6)
From (8.2) it also follows that in these coordinates hij = gij .
We choose ζ0 = t and denote ζ1 = σ. Then the string configuration is deter-
mined by yi = yi(σ). The induced metric is
dγ2 = γABdζ
AdζB = −F (dt+ Adσ)2 + dl2 , (8.7)
where
dl2 = h dσ2 , A = Ai
dyi
dσ
, h = hij
dyi
dσ
dyj
dσ
, (8.8)
and it has the following determinant
γ = det(γAB) = −Fh . (8.9)
So, the Nambu–Goto action is
I = −∆tE , (8.10)
E = µ
∫ √
Fdl = µ
∫
dσ
√
Fhij
dyi
dσ
dyj
dσ
. (8.11)
In a static spacetime the equation (8.11) has a very simple meaning: The energy
density of a string is proportional to its proper length dl multiplied by the red-
shift factor
√
F .
The problem of a stationary string configuration therefore reduces to that of
a geodesic in the (D − 1)-dimensional effective background
dH2 = Hijdy
idyj = Fhijdy
idyj . (8.12)
In order to solve this geodesic problem we shall use the Hamilton-Jacobi
method. That is, we shall attempt for the additive separation of the Hamilton-
Jacobi equation
∂S
∂σ
+H ij ∂iS ∂jS = 0 , (8.13)
whereH ij is the inverse of the effective metric (8.12) with the components given
by
FH ij = hij = gij. (8.14)
If the Hamilton–Jacobi equation can be separated, the effective geodesic motion
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and hence also the stationary string configuration are completely integrable,
(see Section 6.3.1).
8.3 Stationary strings in canonical spacetime
In this section we prove complete integrability of a stationary string configura-
tion in the canonical spacetime (4.1). As explained earlier, in such a spacetime
the primary Killing vector ξ = ∂ψ0 plays a special role. This vector is (after the
analytical continuation to the physical domain) timelike in the black hole exte-
rior. It is also the one most ‘directly connected’ with the PCKY tensor.1 We call
a string stationary if it is tangent to the primary Killing vector. For such string
one has the following form of the effective metric:
FH ij∂i∂j =
n∑
µ=1
[
Qµ(∂xµ)
2 +
1
QµU2µ
( m∑
k=1
(−x2µ)n−1−k∂ψk
)2]
− ε
cA(n)
(∂ψn)
2 ,
F =
n∑
µ=1
Qµ − εc
A(n)
. (8.15)
The expression is similar to (4.7), with the only difference that in the sum over
k the term k = 0 is omitted. This corresponds to the natural projection given by
(8.14).
In the background of the metric Hij the Hamilton–Jacobi equation (8.13) al-
lows the additive separation of variables
S = wσ +
n∑
µ=1
Sµ(xµ) +
m∑
k=1
Lkψk (8.16)
with functions Sµ(xµ) of a single argument xµ. Substituting (8.16) into (8.13) we
obtain
Fw +
n∑
µ=1
[
QµS
′2
µ +
1
XµUµ
( m∑
k=1
(−x2µ)n−1−kLk
)2]
− εL
2
n
cA(n)
= 0 , (8.17)
where Sµ
′ denotes the derivative of function Sµ with respect to its single argu-
1Let us remark here that the asymmetry among the primary Killing vector ∂ψ0 and the sec-
ondary Killing vectors ∂ψj can be also viewed as arising from the requirement that, in addition
to the Hamilton–Jacobi, also the Klein–Gordon equation is separable (see, e.g., [31] and refer-
ences therein).
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ment xµ. Using the explicit form of F and algebraic identity
1
A(n)
=
n∑
µ=1
1
x2µUµ
, (8.18)
we can rewrite the last equation in the form
n∑
µ=1
Gµ
Uµ
= 0 , (8.19)
where Gµ are functions of xµ only:
Gµ = Xµ
(
S ′2µ + w
)
+
1
Xµ
( m∑
k=1
(−x2µ)n−1−kLk
)2
− ε L
2
n/c+ wc
x2µ
. (8.20)
Applying Lemma 2 of Appendix C.4, we write the general solution of (8.19) as
Gµ =
n−1∑
k=1
ck(−x2µ)n−1−k , (8.21)
where ck are arbitrary constants. So, we have obtained the equations for S
′
µ,
S ′2µ =
1
Xµ
[n−1∑
k=1
ck (−x2µ)n−1−k + ε
L2n/c+ wc
x2µ
]
− 1
X2µ
( m∑
k=1
(−x2µ)n−1−kLk)2 − w ,
(8.22)
which can be solved by quadratures.
This completes the demonstration that in the canonical background (4.1) the
reduced (D − 1)-dimensional geodesic problem (8.11) allows the separation of
the Hamilton–Jacobi equation (8.13) and therefore the stationary string configu-
ration is completely integrable.
8.4 Inherited hidden symmetries
The resulting complete integrability of the stationary string configuration in the
canonical spacetime (4.1) is connected with the existence of hidden symmetries
of the (D − 1)-dimensional effective metric Hij . Namely, there exist (n − 1)
irreducible Killing tensors C ij(k) , (k = 1, . . . , n − 1), which give the constants of
motion
ck = C
ij
(k)pipj , D(mC
(k)
ij) = 0 , (8.23)
CHAPTER 8. STATIONARY STRINGS AND BRANES 65
and allow the separation of the Hamilton–Jacobi equation (8.13) in the back-
ground Hij . In the last formula pi = ∂iS are the ‘momenta of geodesic motion’
and Di denotes the covariant derivative with respect to Hij .
Similar to Chapter 6, one can easily find the explicit form of C ij(k) by inverting
(8.20). Let us multiply it by A(l)µ /Uµ, sum over µ, and use identities (6.12). Then
we obtain
C ij(k) =
(ψ0)Kij(k) − F(k)H ij , F(k) ≡
n∑
µ=1
QµA
(k)
µ − ε
cA(k)
A(n)
. (8.24)
Here (ψ0)Kij(k) are natural projections of the Killing tensors (6.13) for theD-dimensional
canonical spacetime,
(ψ0)Kij(k)∂i∂j =
n∑
µ=1
[
A(k)µ Qµ(∂xµ)
2 +
A
(k)
µ
QµU2µ
( m∑
l=1
(−x2µ)n−1−l∂ψl
)2]
− εA
(k)
cA(n)
(∂ψn)
2 .
(8.25)
Similar to (8.15), the direction ∂ψ0 is projected out. Therefore, one can say that
the hidden symmetries of the (D − 1)-dimensional effective metric Hij are ‘in-
herited’ from the hidden symmetries of gab.
A nontrivial property which follows from the separability of the Hamilton–
Jacobi equation (see Chapter 6) is that the constants ck mutually Poisson com-
mute, or equivalently, the Schouten–Nijenhuis brackets, in the background Hij ,
of the corresponding Killing tensors vanish:[
C(k), C(l)
] ijm
H
= C
n(i
(k)DnC
jm)
(l) − Cn(i(l) DnCjm)(k) = 0 . (8.26)
Let us also mention that the objects (ψ0)Kij(k) are the Killing tensors for the re-
duced metric hij and obey [
(ψ0)K(k),
(ψ0)K(l)
] ijm
h
= 0 . (8.27)
These results can be easily obtained by separating the Hamilton–Jacobi equation
in the background of the reducedmetric hij . We expect them to be more general.
(For a discussion and necessary conditions regarding the projection of a single
Killing tensor see [31].)
We have seen that the existence of the Killing tensors C ij(k) for the metric Hij
is the property inherited from the canonical metric gab. As we have learned
in Part II, the latter possesses even more fundamental symmetry—connected
with the PCKY tensor from which all the Killing tensors (6.13) are derivable. A
natural question arises whether Hij also ‘inherits’ any Killing–Yano tensor. In
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a general case the answer is negative. The necessary conditions for a Killing
tensor in 4D to be the ‘square’ of a Killing–Yano tensor were given by Collinson
[49] (see also [70]). One can easily check that they are not satisfied and hence
the 4DmetricHij does not admit any Killing–Yano tensor. In higher dimensions
we can exclude the existence of a PCKY tensor. Indeed, as demonstrated in
Chapter 7, the higher-dimensional metric element admitting the PCKY tensor is
the canonical spacetime (4.1), i.e., the spacetime different from Hij .
8.5 ξ-branes
In the above consideration we have focused on stationary strings, that is strings
generated by a 1-parameter family of timelike Killing trajectories. There are two
natural ways how one may try to generalize this construction. First, one may
consider other Killing vector fields, and/or second, in the case when there exist
more than one Killing vector, one may consider hypersurfaces formed by the
set of Killing trajectories passing through the same 1-dimensional curve. Let us
discuss these generalizations in more detail.
For simplicity we assume that the spacetimeMD allows pmutually commut-
ing Killing vectors which we denote by ξa(M) , (M,N = 1, . . . , p). The Frobenius
theorem implies that for each point of the spacetimeMD there exists (at least lo-
cally) a submanifold of dimension p generated by the Killing vectors ξa(M) pass-
ing through this point. In other words, the set ξ = {ξ(M)} defines a foliation of
MD. Similar to what was done in the Geroch formalism for one Killing vector
field, one can define a quotient space S of MD determined by the action of the
isometry group generated by ξ. This generalization of the Geroch’s formalism
was developed in [173]. The metric gab of the spacetimeM
D can be written as
gab = hab + Ξab , habξ
a
(M) = 0 , Ξab =
p∑
M,N=1
aMNξ(M)aξ(N)b . (8.28)
Here aMN is the (p × p) matrix which is inverse to the (p × p) matrix aMN =
ξ(M)aξ
a
(N): a
MNaNK = δ
M
K . A tensor hab is a projection operator onto S.
Let us denote by yi (D− p) coordinates which are constant along the Killing
surfaces generated by the set ξ, and by ψM the Killing parameters defined by
the conditions
ξa(M)∂a = ∂ψM . (8.29)
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The metric gab in these coordinates (x
a) = (yi, ψM) takes the form
ds2 = hijdy
idyj +
p∑
M,N=1
aMN (ξ(M)adx
a)(ξ(N)bdx
b) . (8.30)
In these coordinates we also have
aMN = ξ(M)aξ
a
(N) = ξ(N)M = ξ(M)N . (8.31)
A natural generalization of stationary strings Σξ are (p+ 1)-dimensional ob-
jects Σpξ which are formed by a 1-parameter family of Killing surfaces. We call
them ξ-branes. In (yi, ψM)-coordinates the equation of Σpξ is y
i = yi(σ). For this
parametrization coordinates on Σpξ are (ζ
A) = (ψM , σ) (A,B = 1, . . . , p + 1). The
induced metric on the ξ-brane takes the form
dγ2 = γABdζ
AdζB = (h+u)dσ2+2 dσ
p∑
M=1
ξ(M)σdψ
M +
p∑
M,N=1
aMNdψ
MdψN . (8.32)
Here we have defined
h ≡ hij dy
i
dσ
dyj
dσ
, ξ(M)σ ≡ ξ(M)idy
i
dσ
, u ≡
p∑
M,N=1
aMNξ(M)σξ(N)σ . (8.33)
In order to derive (8.32) we used (8.31).
The metric γAB can be considered as a block matrix of the form(
A B
C D
)
(8.34)
where A is a 1-dimensional matrix and D is a matrix (p× p). If |Z| is a determi-
nant of a matrix Z, then one has the following relation for the determinant of a
block matrix (see, e.g., [89])∣∣∣∣ A BC D
∣∣∣∣ = |D||A−BD−1C| . (8.35)
Using this equation one obtains
γ = det(γAB) =
∣∣∣∣ h + u ξ(M)σξ(N)σ aMN
∣∣∣∣ = hFξ , (8.36)
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where
Fξ = det(aMN) = det(ξa(M)ξ(N)a) (8.37)
is the Gram determinant for the set ξ = {ξ(M)} of the Killing vectors.
The Dirac–Nambu–Goto action for a (p+ 1)-dimensional brane is
I = −µ
∫
dp+1ζ
√
|γ| , (8.38)
where γ is the determinant of the inducedmetric on the brane γAB. For a ξ-brane
this action reduces to the following expression2
I = −µV E , dl2 = h dσ2 , V =
∫
dpψN , E =
∫ √Fξdl . (8.41)
Thus after the dimensional reduction the problem of finding a configuration of
a ξ-brane reduces to a problem of solving a geodesic equation in the reduced
(D − p)-dimensional space with the metric
dH2 = H ijdy
idyj = Fξh ijdyidyj . (8.42)
If the original metric gab admits a Killing tensor K
ab then, since hij = gij, the
natural projection {ξ}Kij is a Killing tensor for the metric hij . However, the full
effective metric Hij does not inherit this symmetry unless the ‘red-shift’ factor
Fξ is of the special ‘separable form’. Only then, the Hamilton–Jacobi equation
(8.13) for the geodesic motion in the metric (8.42) allows complete separation of
variables.
2In our derivation we have focused on a 1-dimensional line in S generating ξ-branes. The
same construction remains valid for, let us say, q-dimensional hyperspace in S in the case of a
(p + q)-dimensional brane. Then, denoting coordinates on the worldvolume of such brane by
(ζA) = (ψM , σα), (α, β = 1, . . . , q), and repeating the same steps one would obtain
γ = det(hαβ)Fξ = hFξ , hαβ = hij
dyi
dσα
dyj
dσβ
, (8.39)
I = −µV E , E =
∫√
Fξdv, dv =
√
h dqσ . (8.40)
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8.6 ξ-branes in Kerr-NUT-AdS spacetime
8.6.1 Separability condition
Let us discuss now the problem of integrability of ξ-branes in the Kerr-NUT-
(A)dS background (4.1)–(4.3). There we have m + 1 Killing fields ∂ψk , k =
0, . . . , m, and we may choose any arbitrary subset of them as the set ξ. In gen-
eral, however, the corresponding red-shift factor Fξ will not be of the separable
form.
More specifically, one requires that the red-shift factor can be written as
Fξ =
n∑
µ=1
fµ(xµ)
Uµ
, (8.43)
with fµ functions of xµ only, in order to allow the separation of variables for the
Hamilton–Jacobi equation in the effective background Hij . The corresponding
Killing tensors (k = 1, . . . , n− 1) would be then
{ξ}C ij(k) =
{ξ}Kij(k) − f(k)H ij , (8.44)
where {ξ}Kij(k) are due natural projections of the ‘primordial’ Killing tensors (6.13),
with directions from the set ξ projected out, and
f(k) ≡
n∑
µ=1
fµA
(k)
µ
Uµ
. (8.45)
In the case of a stationary string, i.e., for ξ = {∂ψ0}, the red-shift factor (8.15),
the norm of the primary Killing field ∂ψ0 , possesses the property (8.43), with
fµ = Xµ − ε c
x2µ
, (8.46)
and the integrability proved in Section 8.3 is justified.
8.6.2 ξ-branes in 4D
In 4D a stationary string is the only nontrivial example of a ξ-brane for which (in
these coordinates) integrability can be proved. Indeed, as discussed in [31] only
in the exceptionally symmetric case of the de Sitter space itself one can obtain
the integrability of the axially symmetric ξ-string with ξ = {∂ψ1}.
The last possibility of a ξ-brane in 4D Kerr-NUT-(A)dS spacetime is the ax-
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ially symmetric stationary domain wall, ξ = {∂ψ0 ,∂ψ1}. Let us consider this
important example in more detail. The action takes the form
I = −µ∆ψ0∆ψ1E , E =
∫
dσ
√
Hij
dyi
dσ
dyj
dσ
, (8.47)
where the effective 2-dimensional metric is
dH2 = Hijdy
idyj = Fξ
(
dx21
Q1
+
dx22
Q2
)
. (8.48)
The red-shift factor reads
Fξ =
∣∣∣∣ gψ0ψ0 gψ0ψ1gψ0ψ1 gψ1ψ1
∣∣∣∣ = 2∑
µ=1
fµ
Uµ
, (8.49)
where
fµ = x
2
µXµ(X1 +X2). (8.50)
Evidently, fµ becomes function of xµ only in the case when all parameters in
metric functionsXµ, (4.3), but c0, vanish. Only in that trivial case the Hamilton–
Jacobi equation for the axially symmetric stationary domain wall in 4D can be
separated.
8.6.3 ξ-branes in 5D
In 5D the situation is more interesting. There we can prove integrability of the
axisymmetric ξ-string, ξ = {∂ψ1}, under the condition that parameter c1 = 0.
Indeed, then the red-shift factor takes the separable form (8.43) with
f1(x1) = 2b2x
4
1 + cx
2
1 , f2(x2) = 2b1x
4
2 + cx
2
2 . (8.51)
Also, the axially symmetric stationary ξ-brane, ξ = {∂ψ0 ,∂ψ1} is completely
integrable in the case of a vacuum (c2 = 0) 5D spacetime (4.1)–(4.3) with c1 = 0.
In that case,
f1(x1) = 4b1b2x
2
1 + 2cb1 , f2(x2) = 4b1b2x
2
2 + 2cb2 . (8.52)
In both cases the nontrivial Killing tensor responsible for the integrability is
given by (8.44).
However restrictive and unlikely to be generally satisfied the condition (8.43)
seems, the above examples illustrate the special cases where complete integra-
bility of ξ-branes can be analytically proved. We postpone the discussion of the
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existence of other nontrivial examples elsewhere.
8.7 Summary
We have studied integrability of the Nambu–Goto equations for a stationary
string configuration near a higher-dimensional rotating black hole. In a general
stationary spacetime this problem reduces to finding a geodesic in the effec-
tive (D − 1)-dimensional background Hij . In the canonical spacetime (4.1) the
geodesic equation can be integrated by a separation of variables of the corre-
sponding Hamilton–Jacobi equation. This separability is a consequence of the
fact that Hij inherits some of the hidden symmetries of the black hole. Namely,
it inherits (n− 1) irreducible mutually commuting Killing tensors which corre-
spond to natural projections of the Killing tensors present in gab. In a general
case there are no Killing–Yano tensors generating these Killing tensors.
The problem of integrating the equations for ξ-branes is more complicated.
We have given some examples where these equations are completely integrable,
but in the general case complete integrability is not possible. It would be inter-
esting to find other, physically interesting, examples of completely integrable
ξ-branes in higher dimensional black hole spacetimes. It is also interesting to
study cases where there exist non-complete but non-trivial sets of (quadratic in
momenta) integrals of motion for ξ-branes related to the hidden symmetries of
the black hole background.
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Chapter 9
Parallel transport of frames
In this chapter, based on [52], we obtain and study the equations describing the
parallel transport of orthonormal frames along timelike geodesics in a space-
time admitting the PCKY tensor h. We demonstrate that the operator F , ob-
tained by a projection of h to a subspace orthogonal to the velocity, has in a
generic case eigenspaces of dimension not greater than 2. Each of these eigenspaces
is independently parallel-propagated. This allows one to reduce the parallel
transport equations to a set of the first order ordinary differential equations for
the angles of rotation in the 2D eigenspaces. Examples of D = 3, 4, 5 canonical
spacetimes, (4.1), are considered and it is shown that the obtained first order
equations can be solved by a separation of variables. This chapter is based on
[52].
9.1 Introduction
One of the remarkable properties of the 4D Kerr metric, discovered by Marck
in 1983, is that the equations of parallel transport can be integrated [175], [174].
Even more generally, a parallel-propagated frame along a geodesic can be con-
structed explicitly in any 4D spacetime admitting the rank-2 Killing–Yano tensor
[125]. The purpose of the present chapter is to extend these results to the case of
a spacetime with an arbitrary number of dimensions admitting the PCKY ten-
sor h. It was demonstrated in Chapter 7 that such a spacetime is necessary de-
scribed by the canonical metric (4.1), and in Chapter 5 that the particle geodesic
motion is there completely integrable.
Solving the parallel transport equations in curved spacetime is useful for
many physical problems. In the case of timelike geodesics it can be used for
studying the behavior of extended objects moving in the Kerr and more general
geometries. In particular, it facilitated the study of tidal forces acting on a mov-
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ing body, for example a star, in the background of a massive black hole (see,
e.g., [171], [162], [87], [64], [213], [113]). Even more useful is to solve the parallel
transport along null geodesics. For example, in geometric optics approxima-
tion linearly polarized photons and gravitons propagate along null geodesics
while the corresponding polarization vectors are parallel-transported along the
worldline [180]. This property was used to study the scattering of a polarized
radiation by black holes (see, e.g., [217], [54], [55] and references therein). The
parallel-propagated frames are very convenient for investigating the form and
shape of a thin ‘pencil of light’ propagating in an external gravitational field.
In the derivation of the equations for optical scalars such parallel propagating
frames play an important technical role (see, e.g., [198], [75]). Another prob-
lem where such frames are useful is the, so called, peeling-off property of the
gravitational radiation in an asymptotically flat spacetime (see, e.g., [152] and
references therein). In quantum physics the parallel transport of frames is an
important technical element of the point splitting method which is used for cal-
culation of renormalized values of local observables in a curved spacetime (such
as vacuum expectation values of currents, stress-energy tensor, etc.). Solving of
the parallel transport equations is especially useful when fields with spin are
considered (see, e.g., [44]).
Here, we describe how to construct a parallel-propagated frame along time-
like (spacelike) geodesics. The case of null geodesics requires an additional con-
sideration and is under preparation [51]. Let us outline the main idea of our
construction. Any 2-form determines what is called a Darboux basis, that is a
basis in which it has a simple standard form. We have already encountered the
Darboux basis of h which we called a canonical basis (see Section 3.1.2). Since
h is non-degenerate its Darboux subspaces are two-dimensional.1 This means
that the ‘local’ Darboux basis, defined in the tangent space of any spacetime
point, is determined up to 2D rotations in the Darboux subspaces. The union of
local Darboux bases of h forms a global canonical basis in the tangent bundle
of the spacetime manifold. In the case of the canonical metric (4.1), there exists
a special global canonical basis in which the Ricci rotation coefficients are sim-
plified; the principal canonical basis. This basis is completely determined by the
PCKY tensor (see Chapter 7).
Consider now a timelike geodesic describing the motion of a particle with
velocity u. We focus our attention on the 2-form F , (3.31), obtained as a pro-
jection of the PCKY tensor h to a subspace orthogonal to the velocity u. F
has its own Darboux basis, which we call comoving. For any chosen geodesic
the comoving basis is determined along its trajectory. We have seen in Section
3.3.1 that F is parallel-transported along the geodesic. In particular, this means
1In an odd number of spacetime dimensions there exists an additional one-dimensional zero-
eigenvalue Darboux subspace of h.
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that its eigenvalues and its Darboux subspaces, which we call the eigenspaces
of F , are parallel-transported. We shall show that for generic geodesics the
eigenspaces of F are at most 2-dimensional. In fact, the eigenspaces with non-
zero eigenvalues are 2-dimensional, and the zero-value eigenspace is 1-dimensional
for an odd number of spacetime dimensions and 2-dimensional for even. So,
the comoving basis is defined up to rotations in each of the 2D eigenspaces. The
parallel-propagated basis is a special comoving basis. It can be found by solving a
set of the first order ordinary differential equations for the angles of rotation in
the 2D eigenspaces.
For special geodesic trajectories the 2-form F may become degenerate, that
is at least one of its eigenspaces will have more than 2 dimensions. We shall
demonstrate that the eigenspaces with non-vanishing eigenvalues in such a
degenerate case may be 4-dimensional. In the odd number of spacetime di-
mensions one may also have a 3-dimensional eigenspace with a zero eigen-
value. Nevertheless, in these degenerate cases one can also obtain the parallel-
transported basis by (now rather more complicated) time dependent rotations
of the comoving basis.
9.2 Comoving basis
In this section, we shall construct a comoving basis, that is a Darboux basis of
the operator F , and briefly describe its properties.
9.2.1 Operator F for timelike geodesics
Let γ be a timelike geodesic affine parameterized by τ , and ua = dxa/dτ be its
unit tangent vector (velocity), with the norm w = u · u = −1. Then the parallel-
transported 2-form F can be written as [cf. Eq. (3.31)]
F = h+ u♭ ∧ s , s = u−| h . (9.1)
This form is obtained by a projection of the PCKY tensor h to a subspace or-
thogonal to the velocity u [cf. Eq. (3.33)]. Consequently, u is an eigenvector of
the operator F with a zero eigenvalue.
At a chosen point of the spacetime the tangent space T splits into a 1-dimensional
space U generated by u, and a (D − 1)-dimensional subspace V orthogonal to
u;
T = U ⊕ V . (9.2)
Fab and F
a
b can be considered as a 2-form and an operator, respectively, either
in the subspace V or in the complete tangent space T .
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9.2.2 Comoving basis
We demonstrate now that there exists such an orthonormal basis in V in which
the operator F has the (matrix) form (see, e.g., [205])
diag(0, . . . , 0,Λ1, . . . ,Λp) , (9.3)
where Λµ are matrices of the form
Λµ =
(
0 λµIµ
−λµIµ 0
)
, (9.4)
and Iµ are unit matrices.
The operator F maps a linear space V into itself. If (v,w) = Pabv
awb is a
scalar product in V , then an adjoint operator F+ defined by the relation
(v,Fw) = (F+v,w) (9.5)
obeys the relation F + = −F , andF+F = −F 2 is a positive self-adjoint operator.
Its spectrum is
Spec(−F 2) = {0, λ21, . . . , λ2p} . (9.6)
We choose λµ to be non-negative and order them so that
0 = λ0 < λ1 < . . . < λp . (9.7)
(If −F 2 does not have a zero eigenvalue, the first term λ0 in (9.6) is omitted.)
The spectrum of F is
Spec(F ) = {0, iλ1,−iλ1, . . . , iλp,−iλp} . (9.8)
Consider a non-zero λµ. We denote
V ±µ = Ker(F ± iλµI) , qµ = dim(V ±µ ) . (9.9)
Thus the eigenvalues and the eigenspaces of F are well defined but they are not
real. In order to obtain Darboux form (9.3) it is sufficient to consider a full space
Vµ, which is a pair of eigenspaces for complex conjugate eigenvalues
Vµ = V
+
µ + V
−
µ , dim(Vµ) = 2qµ . (9.10)
Using a modified version of the Gram–Schmidt process one can construct a real
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orthonormal basis in Vµ
{1nµˆ, 1n˜µˆ . . . , qµnµˆ, qµn˜µˆ} , (9.11)
which has the property (see, e.g., [205])
F jnµˆ = −λµ jn˜µˆ , F jn˜µˆ = λµjnµˆ . (9.12)
Obviously, the space Vµ is the eigenspace of F
2 and the vectors (9.11) form the
complete set of orthonormal eigenvectors2 of F 2 corresponding to −λ2µ:
F 2v = −λ2µv , v ∈ Vµ . (9.14)
If λ = 0 and the corresponding subspace V0 has q0 dimensions, we denote an
orthonormal basis in V0 by
{1n0ˆ, . . . , q0n0ˆ} . (9.15)
The subspaces Vµ are mutually orthogonal and their direct sum forms the space
V :
V = V0 ⊕ V1 ⊕ . . .⊕ Vp . (9.16)
We further denote by
{1ς 0ˆ, . . . , q0ς 0ˆ} , {1ς µˆ, 1˜ς µˆ . . . , qµς µˆ, qµς˜ µˆ} , (9.17)
bases of forms dual to the constructed orthonormal vector bases (9.15), (9.11).
These forms give bases in the cotangent spaces V ∗0 and V
∗
µ . We combine the bases
(9.15), (9.11), and (9.17) with µ = 0, . . . , p to obtain a complete orthonormal basis
of vectors (forms) in the space V (V ∗). The duality conditions read
sς
µˆ(s
′
nµˆ′) = s˜ς
µˆ(s
′
n˜µˆ′) = δ
µ
µ′δ
s′
s , sς
µˆ(s
′
n˜µˆ′) = s˜ς
µˆ(s
′
nµˆ′) = 0 . (9.18)
Here, for a given µ = 0, . . . , p index s takes the values s = 1, . . . , qµ. It is evident
from the orthonormality of the constructed basis that we also have
(snµˆ)
♭ = sς
µˆ , (sn˜µˆ)
♭ = s˜ς
µˆ , (sς
µˆ)♯ = snµˆ , (s˜ς
µˆ)♯ = sn˜µˆ . (9.19)
In this basis the antisymmetric operator F , (9.1), takes the form (9.3).
2One can also introduce the complex eigenvectors of F :
jn±µˆ =
1√
2
(jnµˆ ± ijn˜µˆ) , F jn±µˆ = ±iλµjn±µˆ , (9.13)
which form the bases in V ±µ [cf. Eqs. (7.2), (7.4)]. However, we shall not do so here and consider
the real basis of Vµ, (9.11), instead.
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For briefness in what follows we shall use the following terminology. We
call Vµ an eigenspace of F corresponding to its eigenvalue λµ. We call the basis
{n} ({ς}), in which the operator F takes the Darboux form (9.3), an orthonormal
Darboux basis, or simply the Darboux basis.3
If we consider F as an operator in the complete tangent space T , the cor-
responding orthonormal Darboux basis is enlarged by adding the vector u to
it. In this enlarged basis the operator F has the same form (9.3), with the only
difference that now the total number of zeros is not q0, but q0 + 1. To remind
that the constructed basis depends on the velocity u of a particle and u is one
of its elements we call this basis comoving. The characteristic property of the
comoving frame is that all spatial components of the velocity vanish.
Although so far our construction was local (we considered a chosen space-
time point), one can naturally extend the comoving basis along the whole geodesic
trajectory. In a general case, however, the constructed comoving frame is not
parallel-propagated. The parallel-propagated frame can be obtained by per-
forming additional rotations in each of the parallel-propagated eigenspaces of
F . The equations for the corresponding rotation angles will be derived in the
next section. Before we do that we demonstrate that due to the fact that the
PCKY tensor h is non-degenerate the structure of the eigenspaces of F , and
hence the comoving basis, significantly simplifies.
9.2.3 Eigenspaces of F
In the comoving frame constructed above the 2-form F reads
F =
p∑
µ=1
λµ(
qµ∑
j=1
jς
µˆ ∧ jς˜ µˆ) . (9.21)
We shall also use the following notation
S(F ) = {0(q0+1), λ(q1)1 , . . . , λ(qp)p } (9.22)
3In a symplectic vector space with a non-degenerate 2-form ω the Darboux basis is defined
as a basis in which ω takes the (matrix) form(
0 I
−I 0
)
, (9.20)
where I is the unit matrix. When the symplectic space possesses also a positive definite scalar
product, in general it is impossible to find a basis in which the metric takes the standard diag-
onal form and simultaneously transform ω into (9.20). However, one can put ω into the form
similar to (9.3). This is why we call the above described modification of the Darboux basis an
orthonormal Darboux basis.
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to encode the complete information about the eigenvalues of F and the di-
mensionality of the corresponding subspaces. The extra zero eigenvalue cor-
responds to the 1-dimensional subspace U spanned by u. One also has
D = 2n + ε = 1 + q0 + 2k , k =
p∑
µ=1
qµ . (9.23)
Structure of V0
Let us now exploit the condition that h is non-degenerate, that is, its (matrix) rank
is 2n. Then one has
q0 =
{
1 , for ε = 0 ,
0 or 2 , for ε = 1 .
(9.24)
Let us prove this assertion. From the definition (9.1) of F we find
h∧m = F ∧m −mF ∧(m−1) ∧ u♭ ∧ s , (9.25)
where we have used the property of the exterior product (2.16). It is obvious
from (9.21) that the (matrix) rank of F is 2k, that is F ∧(k+1) = 0. So, using (9.25)
we have h∧(k+2) = 0. It means that for a non-degenerate (matrix rank 2n) h we
have k + 2 ≥ n + 1. Employing (9.23) this is equivalent to q0 ≤ 1 + ε which,
together with the fact that q0 has to be even for D odd and vice versa, proves
(9.24).
Let us now consider a nontrivial V0, that is V0 with q0 = 1+ ε, n− 1 = k. The
vectors spanning it can be found as the eigenvectors of the operatorF 2 with zero
eigenvalue, not belonging to U . There is, however, a more direct waywhich was
already used by Marck in 4D. Let us consider a Killing–Yano (2 + ε)-form [cf.
Eq. (3.20)]
f = ∗h∧k , (9.26)
and use it to define a (1 + ε)-form
z ≡ u−| f . (9.27)
Using relation (2.25) and Eq. (9.25) one obtains
z = u−| ∗ h∧k = ∗(h∧k ∧ u♭) = ∗(F ∧k ∧ u♭) . (9.28)
Employing (9.21) we have
F ∧k= B 1ς
1ˆ ∧ 1ς˜ 1ˆ ∧ . . . ∧ qpς˜ pˆ , B ≡ k!
p∏
µ=1
λqµµ . (9.29)
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This means that z spans V ∗0 . In an even number of spacetime dimensions the
space V ∗0 is 1-dimensional and ς
0ˆ = z/|z|. Hence, using (9.19),n0ˆ = z♯/|z| spans
V0. In the odd number of spacetime dimensions
z = const 1ς
0ˆ ∧ 2ς 0ˆ . (9.30)
Hence, the 2-form z determines the orthonormal basis {1n0ˆ, 2n0ˆ} in V0 up to a
2D rotation.
Let us finally consider the odd-dimensional case in more detail. Expanding
the characteristic equation for the operator F one has
0 = det(F − λI) = a(u) + b(u)λ2 + . . . (9.31)
The condition that q0 = 2 implies that a(u) = det(F ) = 0. This imposes a
constraint on u. It means that q0 = 2 is a degenerate case which happens only for
special trajectories u. For a generic (not special) u one has trivial V0 with q0 = 0.
Eigenspaces Vµ
Using the requirement that the eigenvalues of a PCKY tensor h are functionally
independent, or in other words, that in a generic point of the manifold the Dar-
boux subspaces of h have no more than 2 dimensions, it is possible to show (see
Appendix C.7) that the dimensionalities of the eigenspaces of F with non-zero
eigenvalues obey the inequalities qµ ≤ 2. The case of qµ = 2 is possible only in a
degenerate case when the vector u obeys a special condition.
9.3 Equations of parallel transport
In this section we describe how to obtain the parallel-transported basis from the
comoving basis constructed above. The crucial fact for the construction is that
the 2-form F is parallel-transported along u (see Section 3.3.1)
F˙ = ∇uF = 0 . (9.32)
This means that any object constructed from F and the metric g is also parallel-
transported. In particular, this is true for the operator F 2 and its eigenvalues
−λ2µ. We have used this property in Section 3.3 to construct the tower of Killing
tensors which, in their turn, imply complete integrability of particle geodesic
motion (see Chapter 5). Here, we go a little bit further. Namely, we prove
that Darboux subspaces of F , the eigenspaces Vµ, are independently parallel-
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transported, that is
v˙ ∈ Vµ for ∀v ∈ Vµ. (9.33)
Indeed, using (9.14), we find
F 2v˙ = ∇u
(
F 2v
)
= ∇u
(−λ2µv) = −λ2µv˙ , (9.34)
which proves (9.33).4
This means, that the parallel-propagated basis can be obtained from the co-
moving basis by time dependent rotations in the eigenspaces of F . We denote
the corresponding matrix of rotations by O(τ). Similar to F it has the following
structure
O = diag(O0ˆ, O1ˆ, . . . , Opˆ) . (9.35)
For λµ > 0 , Oµˆ are 2qµ× 2qµ orthogonal matrices. Let {spµˆ, sp˜µˆ} be a parallel-
propagated basis in the eigenspace Vµ and {snµˆ, sn˜µˆ} be the ‘original’ comoving
basis. Then (
spµˆ
sp˜µˆ
)
=
qµ∑
s′=1
O sµˆ s′
(
s′nµˆ
s′n˜µˆ
)
. (9.36)
Here, for fixed values {µˆ, s, s′}, O sµˆ s′ are 2 × 2 matrices. Differentiating (9.36)
along the geodesic and using the fact that {spµˆ, sp˜µˆ} are parallel-propagated one
gets
qµ∑
s′=1
O˙ sµˆ s′
(
s′nµˆ
s′n˜µˆ
)
= −
qµ∑
s′=1
O sµˆ s′
(
s′n˙µˆ
s′ ˙˜nµˆ
)
. (9.37)
This gives the following set of the first order differential equations for O sµˆ s′
O˙ sµˆ s′ = −
qµ∑
s′′=1
O sµˆ s′′N
s′′
µˆ s′ , (9.38)
where
N s
′′
µˆ s′ =
(
(s
′
n˙µˆ,
s′′nµˆ) (
s′n˙µˆ,
s′′n˜µˆ)
(s
′ ˙˜nµˆ,
s′′nµˆ) (
s′ ˙˜nµˆ,
s′′n˜µˆ)
)
. (9.39)
For generic geodesics the parallel transport equations are greatly simplified. In
this case each of the eigenspaces Vµ is two-dimensional. The equations (9.36)
4Let us emphasize that the dimension of an eigenspace of F is also constant along γ. For
generic geodesics the eigenspaces of F with non-zero eigenvalues are always 2-dimensional,
while the subspace with zero eigenvalue (U ⊕ V0) has 2 − ε dimensions. There might also
exist a zero measure set of special geodesics for which either an eigenspace of F with non-zero
eigenvalue has not 2 but 4 dimensions or (in the odd dimensional case) the eigenspace of F with
zero eigenvalue has 3 dimensions. (See previous section.)
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take the form
pµˆ = cos βµnµˆ − sin βµn˜µˆ , p˜µˆ = sin βµnµˆ + cos βµn˜µˆ . (9.40)
It is easy to check that Eqs. (9.38) reduce to the following first order equations
β˙µ = ( ˙˜nµˆ,nµˆ) = −(nµˆ, ˙˜nµˆ) . (9.41)
If at the initial point τ = 0 bases {p} and {n} coincide, the initial conditions for
Eqs. (9.41) are
βµ(τ = 0) = 0 . (9.42)
For λ0 = 0 , O0ˆ is a q0 × q0 matrix. In even number of spacetime dimensions,
q0 = 1, and V0 is spanned by n0ˆ which is already parallel-propagated. There-
fore we have O0ˆ = 1. For odd number of spacetime dimensions, O0ˆ is present
only in the degenerate case, q0 = 2, that is when V0 is spanned by {1n0ˆ, 2n0ˆ}.
The parallel-propagated vectors {1p0ˆ, 2p0ˆ} are then given by the analogue of the
equations (9.40)–(9.42).
9.4 Parallel transport in Kerr-NUT-(A)dS spacetimes
In this section we shall concretize the above procedure for the particular form
of the canonical spacetime (4.1). As it is somewhat unnatural to construct a
parallel-propagated frame in the unphysical (Wick rotated) space, we use the
opportunity to recast these metrics into the physical signature.
9.4.1 Kerr-NUT-(A)dS spacetimes
In the physical signature, the Kerr-NUT-(A)dS spacetime (4.1)–(4.3) can be writ-
ten as
g =
n−1∑
µ=1
(ωµˆωµˆ+ ω˜µˆω˜µˆ) + ωnˆωnˆ − ω˜nˆω˜nˆ+ εωǫˆωǫˆ, (9.43)
where the basis 1-forms are (µ = 1, . . . , n− 1)
ωnˆ =
dr√
Qn
, ωµˆ =
dxµ√
Qµ
, ωǫˆ =
√
−c
A(n)
n∑
j=0
A(j)dψj ,
ω˜nˆ =
√
Qn
n−1∑
j=0
A(j)n dψj , ω˜
µˆ =
√
Qµ
n−1∑
j=0
A(j)µ dψj . (9.44)
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Notice that we enumerate the basis {ω} so that ω˜nˆ is (the only one) timelike
1-form. Here, quantities A
(j)
µ , A(j), Qµ, Uµ are defined exactly as before with the
only difference that we now understand x2n = −r2, and
Xn = −
n∑
k=ε
ck(−r2)k−2Mr1−ε+ εc
r2
, Xµ =
n∑
k=ε
ckx
2k
µ −2bµx1−εµ +
εc
x2µ
. (9.45)
Time is denoted by ψ0, azimuthal coordinates by ψj , j = 1, . . . , m , r is the Boyer-
Lindquist type radial coordinate, and xµ, µ = 1, . . . , n− 1, stand for latitude co-
ordinates. Again, it is possible to consider a broader class of the off-shellmetrics
(9.43) where Xn(r), Xµ(xµ), are arbitrary functions.
The PCKY tensor reads [cf. Eq. (4.13)]
h =
n−1∑
µ=1
xµω
µˆ ∧ ω˜µˆ − rωnˆ ∧ ω˜nˆ . (9.46)
Obviously, the basis {ω} remains a principal canonical basis. The second-rank
irreducible Killing tensors are [cf. Eq. (4.14)]
K(j) =
n−1∑
µ=1
A(j)µ (ω
µˆωµˆ + ω˜µˆω˜µˆ) + A(j)n (ω
nˆωnˆ − ω˜nˆω˜nˆ)+ εA(j)ωǫˆω ǫˆ . (9.47)
The velocity of a (timelike) geodesic reads
u♭ =
n∑
µ=1
(
uµˆω
µˆ + u˜µˆω˜
µˆ
)
+ ε uǫˆω
ǫˆ , (9.48)
where [cf. Eqs. (5.7), (5.8)]
unˆ =
σn
(XnUn)1/2
(
W 2n −XnVn
)1/2
, uµˆ =
σµ
(XµUµ)1/2
(
XµVµ −W 2µ
)1/2
,
u˜nˆ =
Wn
(XnUn)1/2
, u˜µˆ =
sign(Uµ)Wµ
(XµUµ)1/2
, uǫˆ = − Ψn√−cA(n) . (9.49)
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The constants σµ = ±1 (µ = 1, . . . , n) are independent of one another, and
Vn ≡−
m∑
j=0
r2(n−1−j)κj , Vµ≡
m∑
j=0
(−x2µ)n−1−jκj , κn = −
Ψ2n
c
,
Wn ≡
m∑
j=0
r2(n−1−j)Ψj , Wµ≡
m∑
j=0
(−x2µ)n−1−jΨj .
(9.50)
The constant κ0 denotes the normalization of the velocity, which for a timelike
geodesic is κ0 = −1.
We shall construct a parallel-propagated frame for geodesic motion in three
steps. At first we use the freedom of local rotations in the 2D Darboux spaces of
h to introduce the velocity adapted canonical basis in which n components of the
velocity vanish. As the second step, by studying the eigenvalue problem for the
operator F 2 we find a transformation connecting the velocity adapted basis to
a comoving basis. And finally, we derive the equations for the rotation angles
in the eigenspaces of F which transform the obtained comoving basis into the
parallel-propagated one.
9.4.2 Velocity adapted canonical basis
To construct the velocity adapted canonical basis we perform the boost transfor-
mation in the {ω˜nˆ,ωnˆ} 2-plane and the rotation transformations in each of the
{ω˜µˆ,ωµˆ}, µ < n, 2-planes:
o˜nˆ ≡ coshαnω˜nˆ + sinhαnωnˆ , onˆ ≡ sinhαnω˜nˆ + coshαnωnˆ ,
o˜µˆ ≡ cosαµω˜µˆ + sinαµωµˆ , oµˆ ≡ − sinαµω˜µˆ + cosαµωµˆ , oǫˆ ≡ ωǫˆ .
(9.51)
For arbitrary angles αµ (µ = 1, . . . , n) this transformation preserves the form of
the metric and of the PCKY tensor:
g =
n−1∑
µ=1
(oµˆoµˆ+o˜µˆo˜µˆ)+onˆonˆ−o˜nˆo˜nˆ+ εoǫˆoǫˆ ,
h =
n−1∑
µ=1
xµo
µˆ ∧ o˜µˆ − ronˆ ∧ o˜nˆ .
(9.52)
Let us define
v˜nˆ ≡ −
√
u˜2nˆ − u2nˆ = −
√
Vn
Un
, v˜µˆ ≡
√
u˜2µˆ + u
2
µˆ =
√
Vµ
Uµ
. (9.53)
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Then, specifying the values of αµ to be
coshαn =
u˜nˆ
v˜nˆ
, sinhαn =
unˆ
v˜nˆ
, cosαµ =
u˜µˆ
v˜µˆ
, sinαµ =
uµˆ
v˜µˆ
, (9.54)
one obtains the following form of the velocity:
u♭ =
n∑
µ=1
v˜µˆo˜
µˆ + εuǫˆo
ǫˆ . (9.55)
It means that after this transformation the velocity vector u has only (n + ε)
non-vanishing components. This simplifies considerably the construction of the
comoving and the parallel-propagated bases. Notice also that the boost in the
{ω˜nˆ,ωnˆ} 2-plane is function of r only and the rotation in each {ω˜µˆ,ωµˆ} 2-plane
is function of xµ only. The components of the velocity in the adapted basis {o}
depend on constants κj only; constants Ψj and σµ are absorbed in the definition
of the new frame.
9.4.3 Parallel-propagated frame
At this point we have constructed the velocity adapted basis {o}. Such a basis is
still canonical [h and g take the form (9.52)]; in this basis the particle’s velocity
takes the significantly simplified form (9.55). The next step is to solve the eigen-
value problem for F 2 and find the comoving basis. We further consider only the
case of generic geodesics.5 For such geodesics the operator F 2 possesses twice
degenerate non-zero eigenvalues. The nontrivial eigenspace V0 is present only
in even dimensions, where it is spanned by a properly normalized z♯. Therefore
the problem of finding the parallel-propagated frame in the off-shell spacetimes
(9.43)–(9.44) reduces to finding the eigenvectors {nµˆ, n˜µˆ} spanning the 2-plane
eigenspaces Vµ and subsequent 2D rotations (9.40)–(9.42) in these spaces.
In our setup it is somewhat more natural to construct, instead of the vector
basis {p}, the parallel-propagated basis of forms {π}. In the generic case it
consists of
{u♭, z,π1ˆ, π˜1ˆ, . . . ,πnˆ, π˜nˆ} . (9.56)
(The element z is present only in even dimensions.) If {ς µˆ, ς˜ µˆ} are comoving
5A degenerate case which requires a special consideration arises when initially different el-
ements of S(F ), (9.22), coincide of one another. It happens for special values of integrals of
motion characterizing the geodesic trajectories. The larger is the number of spacetime dimen-
sions the larger is the number of different degenerate cases. Some of them will be discussed in
the next section.
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basis forms spanning V ∗µ , then [cf. Eqs. (9.40)–(9.42)]
πµˆ = ς µˆ cos βµ − ς˜ µˆ sin βµ , π˜µˆ = ς µˆ sin βµ + ς˜ µˆ cos βµ , (9.57)
where
β˙µ = (ς˜
µˆ, ς˙ µˆ) = −(ς µˆ, ˙˜ς µˆ) , βµ(τ = 0) = 0 . (9.58)
The rotation angles β˙µ , as given by (9.58), are functions of r and xµ. In the
case when β˙µ can be brought into the form
β˙µ =
f
(µ)
n (r)
Un
+
n−1∑
ν=1
f
(µ)
ν (xν)
Uν
, (9.59)
the problem (9.58) is separable and the particular solution is given by (see Ap-
pendix C.5)
βµ =
∫
σnf
(µ)
n dr√
W 2n −XnVn
+
n−1∑
ν=1
∫
σνsign(Uν)f
(µ)
ν dxν√
XνVν −W 2ν
. (9.60)
9.5 Examples
We shall now illustrate the above described formalism by considering D =
3, 4, 5 off-shell spacetimes (9.43). We take the normalization of the velocity −1
and normalize other vectors of the parallel-transported frame to +1. In the
derivation of the equations for β˙µ we used the Maple program.
9.5.1 3D spacetime: BTZ black holes
Generic case
As the first example we consider the case when D = 3, that is when the metric
(9.43) describes a BTZ black hole [13]. We first discuss the generic case, q0 = 0,
and then briefly mention what happens for the degenerate geodesics with q0 =
2. Since in three dimensions n = 1we drop everywhere index µ.
So, we have the metric
g = −ω˜ω˜ + ωω + ωǫˆωǫˆ , (9.61)
where
ω˜ =
√
Xdψ0 , ω=
dr√
X
, ωǫˆ=
√
c
r
(dψ0− r2dψ1) , X = c1r2 − 2M + c
r2
. (9.62)
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The parameter c1 is proportional to the cosmological constant and parameters
M and c > 0 are related to mass and rotation parameter.
The PCKY tensor and the Killing tensor are
h = −rω ∧ ω˜ , K = −r2ωǫˆωǫˆ . (9.63)
The geodesic velocity reads
u♭ = u˜ω˜ + uω + uǫˆω
ǫˆ , (9.64)
u˜ =
W√
X
, u = σ
√
W 2
X
− V , uǫˆ = − Ψ1√
cr
, (9.65)
W ≡ Ψ0 + Ψ1
r2
, V ≡ 1 + Ψ
2
1
cr2
. (9.66)
In the velocity adapted frame {o˜,o,oǫˆ}, given by (9.51), we have
u♭ = v˜o˜+ uǫˆo
ǫˆ , v˜ = −
√
V , (9.67)
F = ru0ˆo ∧ (u0ˆo˜+ v˜oǫˆ) . (9.68)
We find
S(F ) = {0(1), λ(2)} , λ = |Ψ1|√
c
. (9.69)
The zero eigenvalue corresponds to the space U∗ spanned by u♭. In the non-
degenerate case, that is when Ψ1 6= 0, the eigenspace V ∗0 is trivial. The orthonor-
mal forms spanning V ∗λ are
ς = o , ς˜ = uǫˆo˜+ v˜o
ǫˆ . (9.70)
Using (9.58) one finds
β˙ =
C
r2 + λ2
, C ≡ c−Ψ0Ψ1√
c
. (9.71)
The parallel-transported forms {π, π˜} are given by (9.57), where
β =
∫
σCdr
(r2 + λ2)
√
W 2 −XV . (9.72)
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Degenerate case
Let us now consider special geodesic trajectories with Ψ1 = 0 for which q0 = 2.
For such trajectories one has
u˜ =
Ψ0√
X
, u = σ
√
Ψ20
X
− 1 , uǫˆ = 0 . (9.73)
In the adapted basis the velocity isu♭ = −o˜ .Operators F andF 2 become trivial.
The space V ∗0 is spanned by {1ς 0ˆ, 2ς 0ˆ}, where
1ς
0ˆ = o, 2ς
0ˆ = −oǫˆ . (9.74)
Similar to (9.57) and (9.58) parallel-transported forms can be written as follows:
π = 1ς
0ˆ cos β − 2ς 0ˆ sin β , π˜ = 1ς 0ˆ sin β + 2ς 0ˆ cos β ,
β˙ = (2ς
0ˆ, 1ς˙
0ˆ) = −(1ς 0ˆ, 2ς˙ 0ˆ) , β(τ = 0) = 0 . (9.75)
Using these equations we find β˙ =
√
c/r2 and hence
β =
∫
σ
√
cdr
r2
√
Ψ20 −X
. (9.76)
Notice that this relation can be obtained from (9.72) by taking the limit Ψ1 → 0.
To conclude, the parallel-propagated orthonormal frame around a BTZ black
hole is {u♭,π, π˜}. This frame remains parallel-propagated also off-shell, when
X given by (9.62) becomes an arbitrary function of r.
9.5.2 4D spacetime: Carter’s family of solutions
Let us now consider the case of D = 4. We have
g = −ω˜2ˆω˜2ˆ + ω2ˆω2ˆ + ω˜1ˆω˜1ˆ + ω1ˆω1ˆ , (9.77)
where
ω˜2ˆ =
√
X2
U2
(dψ0 + x
2
1dψ1) , ω
2ˆ =
√
U2
X2
dr ,
ω˜1ˆ =
√
X1
U1
(dψ0 − r2dψ1) , ω1ˆ =
√
U1
X1
dx1 .
(9.78)
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Here, U2 = −U1 = x21+r2, and we shall not be specifying functionsX1(x1), X2(r)
at this point.
The PCKY tensor and the Killing tensor are:
h = x1ω
1ˆ ∧ ω˜1ˆ − rω2ˆ ∧ ω˜2ˆ , (9.79)
K = x21(ω
2ˆω2ˆ−ω˜2ˆω˜2ˆ)−r2(ω˜1ˆω˜1ˆ+ω1ˆω1ˆ). (9.80)
The components of the velocity are
u˜2ˆ =
W2√
X2U2
, u2ˆ =
σ2√
X2U2
√
W 22 −X2V2 ,
u˜1ˆ =
−W1√
X1U1
, u1ˆ =
σ1√
X1U1
√
X1V1 −W 21 ,
(9.81)
where
W2 = r
2Ψ0 +Ψ1 , V2 = r
2 − κ1 ,
W1 = − x21Ψ0 +Ψ1 , V1 = x21 + κ1 .
(9.82)
The constants of geodesic motion Ψ0 and Ψ1 are associated with isometries and
κ1 < 0 corresponds to the Killing tensor (9.80). In the velocity adapted frame
{o˜2ˆ,o2ˆ, o˜1ˆ,o1ˆ} given by (9.51) we have
u♭ = v˜2ˆo˜
2ˆ+ v˜1ˆo˜
1ˆ , v˜2ˆ=−
√
V2
U2
, v˜1ˆ=
√
V1
U1
, (9.83)
F = (rv˜1ˆo
2ˆ + x1v˜2ˆo
1ˆ) ∧ (v˜1ˆo˜2ˆ + v˜2ˆo˜1ˆ) . (9.84)
We find
S(F ) = {0(2), λ(2)} , λ = √−κ1 . (9.85)
The first zero eigenvalue corresponds to U∗, while the second one corresponds
to the eigenspace V ∗0 , spanned by 1-form z (9.27). When normalized z reads
z = λ−1(−x1v˜2ˆo2ˆ + rv˜1ˆo1ˆ) . (9.86)
The orthonormal forms spanning V ∗λ are:
ς = v˜1ˆo˜
2ˆ + v˜2ˆo˜
1ˆ , ς˜ = λ−1(rv˜1ˆo
2ˆ + x1v˜2ˆo
1ˆ) . (9.87)
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Using (9.58) one finds
β˙ =
C
(x21 − λ2)(r2 + λ2)
=
f1
U1
+
f2
U2
, f1 ≡ − C
x21 − λ2
, f2 ≡ C
r2 + λ2
, (9.88)
where C ≡ λ(λ2Ψ0 −Ψ1). Therefore, β allows a separation of variables and can
be written as
β =
∫
σ2f2dr√
W 22 −X2V2
−
∫
σ1f1dx1√
X1V1 −W 21
, (9.89)
where functions f1, f2, are defined in (9.88). The parallel-transported forms
{π, π˜} are given by (9.57).
To summarize, the parallel-propagated orthonormal frame in the spacetime
(9.77)–(9.78) is {u♭, z,π, π˜}. This parallel-propagated basis is constructed for
arbitrary functions X1(x1), X2(r), and in particular for the Carter’s class of so-
lutions [28], [27]—describing among others a rotating charged black hole in the
cosmological background (see Appendix A). So, we have re-derived the results
obtained earlier in [175], [125].
9.5.3 5D Kerr-NUT-(A)dS spacetime
Generic case
As the last example we consider the 5D canonical spacetime. Similar to the 3D
case we shall first obtain the parallel-propagated frame for generic geodesics
and then briefly discuss what happens for the special trajectories characterized
by q0 = 2, or q1 = 2. The metric reads
g = −ω˜2ˆω˜2ˆ + ω2ˆω2ˆ + ω˜1ˆω˜1ˆ + ω1ˆω1ˆ + ω ǫˆω ǫˆ , (9.90)
where
ω˜2ˆ =
√
X2
U2
(dψ0 + x
2
1dψ1) , ω
2ˆ =
√
U2
X2
dr ,
ω˜1ˆ =
√
X1
U1
(dψ0 − r2dψ1) , ω1ˆ =
√
U1
X1
dx1 ,
ω ǫˆ =
√
c
rx1
[
dψ0 + (x
2
1 − r2)dψ1 − x21r2dψ2
]
,
(9.91)
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and U2 = −U1 = x21 + r2. The PCKY tensor and the Killing tensor for this metric
are
h = x1ω
1ˆ ∧ ω˜1ˆ − rω2ˆ ∧ ω˜2ˆ , (9.92)
K = x21(−ω˜2ˆω˜2ˆ + ω2ˆω2ˆ + ωǫˆωǫˆ)− r2(ω˜1ˆω˜1ˆ + ω1ˆω1ˆ + ωǫˆωǫˆ) . (9.93)
The components of the velocity are
u˜2ˆ =
W2√
X2U2
, u2ˆ =
σ2√
X2U2
√
W 22 −X2V2 ,
u˜1ˆ =
−W1√
X1U1
, u1ˆ =
σ1√
X1U1
√
X1V1 −W 21 , uǫˆ = −
Ψ2
r
√
cx21
, (9.94)
where
W1 = − x21Ψ0 +Ψ1 −
Ψ2
x21
, V1 = x
2
1 + κ1 +
Ψ22
cx21
,
W2 = r
2Ψ0 +Ψ1 +
Ψ2
r2
, V2 = r
2 − κ1 + Ψ
2
2
cr2
.
(9.95)
In the velocity adapted frame {o} given by (9.51) we have
u♭ = v˜2ˆo˜
2ˆ+ v˜1ˆo˜
1ˆ+ uǫˆo
ǫˆ , v˜2ˆ = −
√
V2
U2
, v˜1ˆ =
√
V1
U1
. (9.96)
The 2-form F and the 2-form z are
F = (rv˜1ˆo
2ˆ + x1v˜2ˆo
1ˆ) ∧ (v˜1ˆo˜2ˆ + v˜2ˆo˜1ˆ)
+ruǫˆo
2ˆ ∧ (v˜2ˆoǫˆ + uǫˆo˜2ˆ) + x1uǫˆo1ˆ ∧ (v˜1ˆoǫˆ − uǫˆo˜1ˆ) , (9.97)
z = oǫˆ ∧ (rv˜1ˆo1ˆ − x1v˜2ˆo2ˆ) + uǫˆ(x1o2ˆ ∧ o˜2ˆ + ro1ˆ ∧ o˜1ˆ) . (9.98)
One has
S(F ) = {0(1), λ(2)1 , λ(2)2 } , (9.99)
where
λ1 =
√
−κ1 + d
2
, λ2 =
√
−κ1 − d
2
, d ≡
√
κ21 − 4
Ψ22
c
. (9.100)
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The zero eigenvalue corresponds to U∗. The eigenspace V ∗1 is spanned by
ς 1ˆ = N1
(
−x1Fr(λ2)√
U2
o˜2ˆ +
rFx1(λ2)√
U2
o˜1ˆ + oǫˆ
)
,
ς˜ 1ˆ = N˜1
(
Fr(λ2)Fx1(λ1)o
2ˆ + o1ˆ
)
. (9.101)
Here N1 and N˜1 stand for normalizations,
N1 =
√
U2/
√
U2 + r2Fx1(λ2)
2 − x21Fr(λ2)2 ,
N˜1 = 1/
√
1 + Fx1(λ1)
2Fr(λ2)2 , (9.102)
and we have introduced
Fr(λ) ≡ x1uǫˆ
√
V2
x21u
2
ǫˆ + λ
2
, Fx1(λ) ≡
ruǫˆ
√−V1
r2u2ǫˆ − λ2
, (9.103)
which are functions of r, x1, respectively. Using (9.58) we find
β˙1 =
C(1)
(x21 − λ21)(r2 + λ21)
=
f
(1)
1
U1
+
f
(1)
2
U2
,
f
(1)
1 ≡ −
C(1)
x21 − λ21
, f
(1)
2 ≡
C(1)
r2 + λ21
, C(1) ≡ −Ψ2Ψ1 − λ
2
1Ψ2Ψ0 − cλ22
λ2
√
c
. (9.104)
This means that β1 can be separated as follows:
β1 =
∫
σ2f
(1)
2 dr√
W 22 −X2V2
−
∫
σ1f
(1)
1 dx1√
X1V1 −W 21
. (9.105)
The parallel-propagated forms {π1ˆ, π˜1ˆ} are given by rotation (9.57). Similarly
one finds that
ς 2ˆ = N2
(
−x1Fr(λ1)√
U2
o˜2ˆ +
rFx1(λ1)√
U2
o˜1ˆ + oǫˆ
)
,
N2 =
√
U2/
√
U2 + r2Fx1(λ1)
2 − x21Fr(λ1)2 ,
ς˜ 2ˆ = N˜2
(
Fr(λ1)Fx1(λ2)o
2ˆ + o1ˆ
)
,
N˜2 = 1/
√
1 + Fx1(λ2)
2Fr(λ1)2 , (9.106)
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span the eigenspace V ∗2 . Using (9.58) we have
β˙2 =
C(2)
(x21 − λ22)(r2 + λ22)
=
f
(2)
1
U1
+
f
(2)
2
U2
,
f
(2)
1 ≡ −
C(2)
x21 − λ22
, f
(2)
2 ≡
C(2)
r2 + λ22
, C(2) ≡ Ψ2Ψ1 − λ
2
2Ψ2Ψ0 − cλ21
λ1
√
c
. (9.107)
The parallel-propagated forms {π2ˆ, π˜2ˆ} are given by rotation (9.57), where
β2 =
∫
σ2f
(2)
2 dr√
W 22 −X2V2
−
∫
σ1f
(2)
1 dx1√
X1V1 −W 21
. (9.108)
Degenerate case
In D = 5 two different degenerate cases are possible. One can have either a 2-
dimensional V0 (q0 = 2) which happens for the special geodesics characterized
by Ψ2 = 0, or a 4-dimensional Vλ (q1 = 2) which happens when κ
2
1 = 4Ψ
2
2/c . The
latter case is more complicated and the general formulas (9.36)–(9.39) have to be
used. We shall not do this here and rather concentrate on the first degeneracy
which has an interesting consequence.
So, we consider the special geodesics characterized by Ψ2 = 0. It can be
checked by direct calculations that in this case the results can be obtained by
taking the limit Ψ2 → 0 of previous formulas. In particular, one has uǫˆ = 0,
and functions W1,W2, V1, V2, are the same as in (9.82). The velocity u and the
2-form F become effectively 4-dimensional—equal to (9.83) and (9.84), respec-
tively. The 2-form z (9.98) reduces to
z=oǫˆ∧ (rv˜1ˆo1ˆ − x1v˜2ˆo2ˆ) , (9.109)
and
S(F ) = {0(3), λ(2)} , λ = √−κ1 . (9.110)
The eigenspace V ∗0 is spread by {1ς 0ˆ, 2ς 0ˆ}, where
1ς
0ˆ = oǫˆ, 2ς
0ˆ = λ−1(rv˜1ˆo
1ˆ − x1v˜2ˆo2ˆ) . (9.111)
[Notice that 2ς
0ˆ is identical to the normalized 4-dimensional 1-form z given by
(9.86).] The angle of rotation in the {1ς 0ˆ, 2ς 0ˆ} 2-plane obeys the equation
β˙1 =
C(1)
x21r
2
=
f
(1)
1
U1
+
f
(1)
2
U2
, f
(1)
1 ≡ −
C(1)
x21
, f
(1)
2 ≡
C(1)
r2
, C(1) ≡ λ√c . (9.112)
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Thus β1 is given by (9.105) with functions f
(1)
1 , f
(1)
2 , defined in (9.112). The
eigenspace V ∗λ is spread by
ς = v˜1ˆo˜
2ˆ + v˜2ˆo˜
1ˆ , ς˜ = λ−1(rv˜1ˆo
2ˆ + x1v˜2ˆo
1ˆ) , (9.113)
which is identical to the 4D case. Thus the rotation angle β2 coincides with β
given by (9.89).
Summary of 5D
To summarize, we have demonstrated that also in D = 5 Kerr-NUT-(A)dS
spacetime the rotation angles in 2D eigenspaces can be separated and the parallel-
transported frame {π} explicitly constructed. This result is again valid off-shell,
that is for arbitrary functions X2(r),X1(x1).
The special degenerate case characterized by Ψ2 = 0 has the following inter-
esting feature. The zero-value eigenspace is spanned by the 4-dimensional u♭,
by the 4-dimensional 1-form z, and oǫˆ. The structure of V ∗λ is identical to the
4D case and the equation of parallel transport in this plane is identical to the
equation in 4D. Therefore this 5D degenerate problem effectively reduces to the
generic 4D problem plus the rotation in the 2D {z,oǫˆ} plane.
This indicates that a similar reduction might be valid also in higher dimen-
sions. Namely, one may expect that the degenerate odd-dimensional problem,
Ψn = 0, effectively reduces to the problem in a spacetime of one dimension
lower plus the rotation in the 2D {z,oǫˆ} plane. If this is so, one can use this
odd-dimensional degenerate case to generate the solution for the generic (one
dimension lower) even-dimensional problem.
9.6 Conclusions
In this chapter we have described the construction of a parallel-transported
frame in a spacetime admitting the PCKY tensor h. This tensor determines a
canonical (Darboux) basis at each point of the spacetime. The geodesic mo-
tion of a particle in such a space can be characterized by the components of
its velocity u with respect to this basis. For a moving particle it is also natu-
ral to introduce a comoving basis, which is just a Darboux basis of F , where
F is a projection of h along the velocity u. Since F is parallel-propagated
along u, its eigenvalues are constant along the geodesic and its eigenspaces
are parallel-propagated. We have demonstrated that for a generic motion the
parallel-propagated basis can be obtained from the comoving basis by simple
two-dimensional rotations in the 2D eigenspaces of F .
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To illustrate the general theory we have considered the parallel transport
in the Kerr-NUT-(A)dS spacetimes. Namely, we have newly constructed the
parallel-propagated frames in three and five dimensions and re-derived the re-
sults [175], [125] in 4D. One of the interesting features of the 4D construction,
observed already by Marck, is that the equation for the rotation angle allows
a separation of variables. Remarkably, we have shown that also in five dimen-
sions equations for the rotation angles can be solved by a separation of variables.
Moreover, the 4D result can be understood as a special degenerate case of the 5D
construction. Is this a general property valid in the Kerr-NUT-(A)dS spacetime
in any number of dimensions? What underlines the separability of the rotation
angles? These are interesting open questions.
The present analysis was restricted to the problem of parallel transport along
timelike geodesics. The generalization to the case of spatial geodesics is straight-
forward. The case of null geodesics requires additional consideration and is un-
der preparation [51]. To conclude this chapter we would like to mention that
the above described possibility of solving the parallel transport equations in the
Kerr-NUT-(A)dS spacetime is one more evidence of the miraculous properties
of these metrics connected with their hidden symmetries.
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Chapter 10
Summary of results
In this thesis we have described recent developments of the theory of higher-
dimensional black holes. We focused mainly on the problem of hidden symme-
tries and separation of variables. (For more general discussion of the modern
status of the theory of higher-dimensional black holes see, e.g., a recent review
[69].) By studying the hidden symmetries we have demonstrated that higher-
dimensional black holes are in many aspects similar to their four-dimensional
counterparts.
Explicit spacetime symmetries are represented by Killing vectors. Hidden
symmetries are related to generalizations of this concept. One of the most im-
portant of these generalizations is the hidden symmetry encoded in the prin-
cipal conformal Killing–Yano tensor. We have demonstrated that the Myers–
Perry metric, describing the higher-dimensional general rotating black hole, as
well as its generalization, the Kerr-NUT-(A)dS metric which includes the NUT
parameters and the cosmological constant, admit such a tensor.
The PCKY tensor generates towers of hidden and explicit symmetries. The
tower of Killing tensors is responsible for the existence of irreducible, quadratic
in momenta, conserved integrals of geodesic motion. These integrals, together
with the integrals corresponding to the tower of explicit symmetries, make
geodesic equations in the Kerr-NUT-(A)dS spacetime completely integrable. We
have further demonstrated that the Hamilton–Jacobi and Klein–Gordon equa-
tions allow complete separation of variables in this spacetime. The separabil-
ity of the Dirac equation was proved in [189]. We have also shown that the
Nambu–Goto equations for a stationary test string in the Kerr-NUT-(A)dS back-
ground can be completely separated, and that the problem of finding parallel-
propagated frames in these backgrounds reduces to the set of the first order
ordinary differential equations. It was also demonstrated [38] that the Kerr-
NUT-(A)dS solution can be presented in the generalized Kerr–Schild form and
that it belongs to the class of spacetimes of the special algebraic type D [102],
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[206] of the higher-dimensional algebraic classification. All these remarkable
properties make higher-dimensional black hole solutions very similar to the 4D
black holes.
To complete this analogy we have addressed the question of generality and
uniqueness of these developments. Namely, we have studied the most general
metric elements admitting the PCKY tensor—with and without imposing the
Einstein equations. The result can be summarized by the following theorem:
Theorem. The most general spacetime admitting the PCKY tensor is the canonical
metric (4.1). It possesses the following properties:
1. It is of the algebraic type D.
2. It allows a separation of variables for the Hamilton–Jacobi, Klein–Gordon, Dirac,
and stationary string equations.
3. The geodesic motion in such a spacetime is completely integrable. The problem
of finding parallel-propagated frames reduces to the set of the first order ordinary
differential equations.
4. When the Einstein equations with the cosmological constant are imposed the
canonical metric becomes the Kerr-NUT-(A)dS spacetime (4.1)–(4.3).
This theorem naturally generalizes the results obtained earlier in four di-
mensions (see Appendix A).
Our work motivates further developments in this field. For example, the
proved separability of the scalar field equations has led to the construction
of the corresponding symmetry operators [212]. It also opens the possibility
that the equations with spin can be decoupled and separated. As described
above, the separation of the Dirac equation was already demonstrated [189].
An important open question is a separability problem for the electromagnetic
and gravitational perturbations in higher-dimensional black hole spacetimes.
Such a separability would provide us the important tools for studying the sta-
bility, quasinormal modes, and different aspects of the Hawking radiation of
higher-dimensional black holes. A certain progress in this direction was already
achieved (see, e.g., [139], [157], [183]). However, most of the results obtained in
these directions so far (see also references in Chapter 6) assumed some addi-
tional restrictions on the parameters characterizing black hole solutions. This
reminds a situation for the Klein–Gordon and Dirac equations before the gen-
eral results on their separability were proved.
The similarity of higher-dimensional black holeswith their four-dimensional
cousins also inspires the search for new higher-dimensional solutions. For ex-
ample, by relaxing some of the conditions on the PCKY tensor the authors of
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[109], [108] were able to find ‘generalized Kerr-NUT-(A)dS spacetimes’. Simi-
larly, by generalizing our (unsuccessful) procedure of rescaling the Kerr-NUT-
(A)dS metric [155] (see also Appendix C.6), new five-dimensional black hole
solutions were recently obtained [169], [170].
The curvature of the Kerr-NUT-(A)dS spacetime and its algebraic type were
studied in [102]. The relationship between the existence of the PCKY tensor
and the uniqueness of this spacetime was first addressed in [106], [107]. Other
recent papers which deal with hidden symmetries or the subjects addressed in
this thesis are, for example, [2], [3], [1], [4], [53], [94], [100], [105], [117], [194],
[234], [235].
The results presented in this thesis can be used for studying the particle and
light propagation in higher-dimensional rotating black hole spacetimes. They
allow us to calculate the contribution of the scalar and Dirac fields to the bulk
Hawking radiation, without any restrictions on black hole parameters. The im-
portant open questions are: Is it possible to decouple the higher spin mass-
less field equations in the background of the general Kerr-NUT-(A)dS metric?
And do they allow separation of variables? Recent result on the separability
of the massive Dirac equation is quite promising. Separability of the higher
spin equations, and especially the equations for the gravitational perturbations,
would provide one with powerful tools, important, for example, for studying
the stability of higher-dimensional black hole solutions. One might hope that
it will not take too long before this and other interesting open questions con-
nected with the existence of hidden symmetries in higher-dimensional black
hole spacetimes will find their answers.
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Appendix A
On hidden symmetries in 4D
In this appendix we discuss some aspects of hidden symmetries in 4D. The first
section plays the role of an introduction for newcomers to the field where, on
the well known 4D case, we illustrate the main ideas of the more complicated
higher-dimensional theory developed in Parts I and II of this thesis. In the sec-
ond section, based on [155], we discuss hidden symmetries for the Pleban´ski–
Demian´ski family of type D solutions.
A.1 Introduction for newcomers
The key object of the theory in higher dimensions is a principal conformal Killing–
Yano (PCKY) tensor. We start discussing this object and its properties in a 4D
flat spacetime and demonstrate how it generates other objects (Killing–Yano
and Killing tensors) responsible for hidden symmetries. Then we show how
this PCKY tensor allows one easily to ‘generate’ the 4D Kerr-NUT-(A)dS metric
starting from the flat one—written in the canonical coordinates determined by this
tensor. Finally, we discuss the separation of variables in the 4DKerr-NUT-(A)dS
spacetime in the canonical coordinates.
A.1.1 Principal conformal Killing–Yano tensor
Consider a 4D flat spacetime with the metric
dS2 = ηabdX
adXb = −dT 2 + dX2 + dY 2 + dZ2 . (A.1)
The PCKY tensor h is a (non-degenerate) rank-2 closed conformal Killing–Yano
tensor. Therefore, there exists a 1-form potential b, so that h = db. Let us
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consider the following ansatz:
b =
1
2
[−R2dT + a(Y dX −XdY )] , R2 = X2 + Y 2 + Z2 . (A.2)
Our choice of this special form for the potential b will become clear later, when
it will be shown that this is a flat spacetime limit of the potential for the PCKY
tensor in the Kerr-NUT-(A)dS spacetime. For amoment we just mention that the
form (A.2) of the potential b singles out time coordinate T , a two-dimensional
(X, Y ) plane in space, and contains an arbitrary constant a.
It can be easily shown that
h = db = dT ∧ (XdX + Y dY + ZdZ) + adY ∧ dX (A.3)
is a closed conformal Killing–Yano tensor [cf. also (B.31), for the higher-dimensional
case]. It means that its dual 2-form f = ∗h is the Killing–Yano (KY) tensor.1
f = XdZ ∧ dY + ZdY ∧ dX + Y dX ∧ dZ + adZ ∧ dT . (A.5)
Let us put, for a moment, a = 0. Then the KY tensor fab has only spatial
components fik , and the Killing tensor Kab = facfb
c, (1.3), reads
Kij = R
2δij −X iXj =
∑
k=X,Y,Z
ξ(k) iξ(k) j , ξ(k) i = ǫkjiX
j . (A.6)
Here ξ(k) i are the spatial rotational Killing vectors. Therefore, the Killing tensor
K can be written as a sum of products of Killing vectors, and thus it is reducible.
Parallel-propagated vector La = fabp
b, (1.9), with the nontrivial components
Li = fikp
k = ǫijkX
jpk = ξ(k) ip
k , (A.7)
1In D dimensions the maximum number of (linear independent) Killing–Yano tensors of a
given rank-p is
Np =
(
D
p
)
+
(
D
p+ 1
)
=
(D + 1)!
(D − p)!(p+ 1)! . (A.4)
This reflects the fact that, similar to Killing vectors, Killing–Yano tensors are completely deter-
mined by the values of their components and the values of their (completely antisymmetric) first
derivatives at a given point. Flat space has the maximum number of independent Killing–Yano
tensors of each rank. Any KY tensor there can be written as a linear combination of ‘trans-
lational’ KY tensors (which are a simple wedge product of translational Killing vectors) and
‘rotational’ KY tensors (which are a wedge product of translations with a spacetime rotation,
completely antisymmetrized) [129]. In particular case ofD = 4we have 10 rank-2 KY tensors (6
translational and 4 rotational).
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has the meaning of the conserved angular momentum.2 The conserved quantity
K = Kabp
apb,
K(a = 0) =
∑
k=X,Y,Z
L2k =
~L2 , (A.8)
is the square of the total angular momentum.
For a 6= 0 the conserved quantity
K = ~L2 + 2aELZ + a
2(E2 − p2Z) (A.9)
is also reducible. Here E = −pT and pZ are the conserved energy and the mo-
mentum in the Z-direction, respectively.
A.1.2 ‘Derivation’ of the 4D Kerr-NUT-(A)dS metric
Consider a general case with a 6= 0. We first introduce the ellipsoidal coordi-
nates3
X =
√
r2 + a2 sin θ cos φ, Y =
√
r2 + a2 sin θ sinφ, Z = r cos θ , (A.10)
and rewrite the metric, the potential, the PCKY tensor, and the KY tensor as
dS2 = − dT 2 + (r2 + a2) sin2θdφ2 + (r2 + a2 cos2 θ)( dr2
r2 + a2
+ dθ2
)
,
b =
1
2
[−(r2 + a2 sin2θ)dT − a sin2θ(r2 + a2)dφ] ,
h = − rdr ∧ (dT + a sin2θdφ)− a sin θ cos θdθ ∧ [adT + (r2 + a2)dφ] ,
f = a cos θdr ∧ (dT + a sin2θdφ)− r sin θdθ ∧ [adT + (r2 + a2)dφ] .
(A.11)
Second, we introduce the new coordinates
y = a cos θ, t = T + aφ, ψ = −φ/a , (A.12)
in which the metric takes the ‘algebraic’ form
dS2 = −∆r(dt+ y
2dψ)2
r2 + y2
+
∆y(dt− r2dψ)2
r2 + y2
+
(r2 + y2)dr2
∆r
+
(r2 + y2)dy2
∆y
, (A.13)
where
∆r = r
2 + a2, ∆y = a
2 − y2 . (A.14)
2In general, for a simple spacelike (fabf
ab > 0) Killing–Yano tensor f , there exists a close
analogy between the angular momentum of classical mechanics and the vector La = fabpb [65].
3In this step, we associate constant a with ‘rotation’ parameter.
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The hidden symmetries are
b =
1
2
[
(y2 − r2 − a2)dt− r2y2dψ] ,
h = ydy ∧ (dt− r2dψ)− rdr ∧ (dt + y2dψ) ,
f = rdy ∧ (dt− r2dψ) + ydr ∧ (dt+ y2dψ) .
(A.15)
In the potential b the term proportional to a2 is constant and may be omitted.
We remind that (A.13)–(A.14) is just a metric of the flat space written in special
coordinates.
Let us consider now the metric (A.13) without imposing conditions (A.14)
on functions ∆r and ∆y , but assuming that they are functions of r and y, re-
spectively. Remarkably, we realize that the objects b, h, and f (A.15) are again
the potential, the PCKY tensor, and the KY tensor. We call (A.13) with arbitrary
∆r(r) and∆y(y) , a canonical (off-shell) metric. It possesses the hidden symmetries
(A.15).
In particular, let us impose the vacuum Einstein equations with the cosmo-
logical constant
Rab = −3λgab . (A.16)
These equations are satisfied provided that
d2∆r
dr2
+
d2∆y
dy2
= 12λ(r2 + y2) . (A.17)
The most general solution of this equation is
∆r = (r
2 + a2)(1 + λr2)− 2Mr , ∆y = (a2 − y2)(1− λy2) + 2Ny . (A.18)
In other words, a simple replacement of functions (A.14) by more general poly-
nomials (A.18) generates a non-trivial solution of the Einstein equations from a
flat one. This solution is the Kerr-NUT-(A)dSmetric written in the canonical form
(see, e.g., [39]). It obeys the Einstein equations with the cosmological constant,
cf. Eq. (A.16). M stands for mass, and parameters a and N are connected with
rotation and NUT parameter [97].
Let us remark here that the canonical metric (A.13) is the most general metric ele-
ment admitting the (non-degenerate) PCKY tensor [65], [221]. The derivation above
therefore establishes that the most general Einstein space admitting the PCKY ten-
sor is the Kerr-NUT-(A)dS spacetime (A.13), (A.18). We also remark that even a
more general family of solutions–the Carter’s spacetime (described in the next
section) can be written in the form (A.13).
In the Kerr-NUT-(A)dS spacetime neither the square of the total angular mo-
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mentum, ~L2, nor the projection of the momentum on the Z-axis, pZ , which enter
(A.9) have well defined meaning. However, the quadratic in momentum quan-
tity, Kabpapb , is well defined and conserved. In the absence of the cosmological
constant and NUT parameter, that is for the Kerr black hole, this quantity can
be presented in the form (A.9) in the asymptotic region, where the spacetime
is practically flat. The angular momentum and other quantities which enter
(A.9) must be then understood as the corresponding asymptotically conserved
quantities. Since the energy E and the angular momentum along the axis of
symmetry LZ are conserved exactly in any stationary axisymmetric spacetime
they can be excluded from (A.9) and the asymptotically conserved quantity can
be written as follows [208]:
Q = L2X + L
2
Y − a2p2Z . (A.19)
For a scattering of particles in the Kerr metric, the presence of an exact integral of
motion connected with the Carter’s constant implies that the quantity Q calcu-
lated for the incoming from infinity particle must be the same asQ calculated at
infinity for the outgoing particle. An interesting question is the following: sup-
pose that such a conservation law is established for any scattering of particles
by a localized object, can one conclude that the metric of this object possesses a
hidden symmetry?
A.1.3 Symmetric form of the metric
Let us perform the ‘Wick’ rotation in radial coordinate r. This transforms the
metric (A.13), (A.18) and its hidden symmetries into a symmetric form [39]. After
the transformation
r = ix , M = iNx , N = Ny , (A.20)
the metric and the KY objects are
ds2 =
∆x(dt+y
2dψ)2
x2 − y2 +
∆y(dt+x
2dψ)2
y2 − x2 +
(x2−y2)dx2
∆x
+
(y2−x2)dy2
∆y
,(A.21)
∆x = (a
2 − x2)(1− λx2) + 2Nxx , ∆y = (a2 − y2)(1− λy2) + 2Nyy , (A.22)
b =
1
2
[
(x2 + y2)dt+ x2y2dψ
]
, (A.23)
h = ydy ∧ (dt+ x2dψ) + xdx ∧ (dt+ y2dψ) , (A.24)
f = xdy ∧ (dt+ x2dψ) + ydx ∧ (dt+ y2dψ) . (A.25)
These forms of the Kerr-NUT-(A)dS spacetime and of the KY potential allow
the natural generalizations to higher dimensions [39], [153], which are used
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throughout the thesis.4
A.1.4 PCKY tensor and canonical coordinates
We demonstrate now that coordinates (t, x, y, ψ) used in (A.21)–(A.25) have a
deep invariant meaning. We start in a flat spacetime (A.1). Let us define
Qab = −hachcb , ∆ab = Qab − qδab , (A.26)
then one has
∆ab =


−R2 − q a Y −aX 0
−a Y a2 −X2 − q −Y X −Z X
aX −Y X a2 − Y 2 − q −Z Y
0 −Z X −Z Y −Z2 − q

 . (A.27)
The condition det(∆) = 0which determines the eigenvalues q of the operatorQ
is equivalent to the following equation:5
q2 + (R2 − a2)q − a2 Z2 = 0 . (A.29)
Hence, the eigenvalues ofQ are
q± =
1
2
[
a2 − R2 ±
√
(R2 − a2)2 + 4a2Z2
]
. (A.30)
Simple calculations using (A.10), (A.12), and (A.20), give
q+ = a
2 cos2 θ = y2 , q− = −r2 = x2 . (A.31)
Thus the coordinates x and y in (A.21) are uniquely determined as the eigenval-
ues of the operator Q constructed from the PCKY tensor h. Let us show now
that the same tensor h uniquely determines the coordinates t and ψ. The primary
4It is obvious from the derivation that this symmetric form of the metric and of its hidden
symmetries is an analytical continuation of the real physical quantities (A.13), (A.15), (A.18).
The signature of the metric for this continuation depends on the domain of coordinates x and
y and signs of ∆x and ∆y . For example, for x
2 > y2 and ∆x > 0, ∆y < 0 it is of the Euclidean
signature. The transition to the physical space is given by (A.20).
5The tensorQ is the conformal Killing tensor. It is related toK as
Kab = Qab − 1
2
gabQ
c
c , Qab = Kab −
1
D − 2 gabK
c
c . (A.28)
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Killing vector ξ and the the secondary Killing vector η are [cf. Eqs. (1.5)]
ξa =
1
3
∇chca = (∂T )a , (A.32)
ηa = −Kabξb = a2(∂T )a + aY (∂X)a − aX(∂Y )a . (A.33)
In coordinates (A.12) one has
ξ = ∂t , η = ∂ψ . (A.34)
This means that the coordinates t and ψ are the affine parameters along the
primary and secondary Killing vectors ξ and η, determined by the tensor h.
It can be checked that the same is true for (the symmetric form of) the canon-
ical metric (A.21) with the PCKY tensor h given by (A.24). This underlines
the exceptional role of the PCKY tensor. Remarkably, the existence of a similar
object in higher dimensions generates the higher-dimensional Kerr-NUT-(A)dS
spacetime and determines its canonical coordinates, in a way exactly analogous
to four dimensions (see Chapter 7).
A.1.5 Separation of variables
The last subject we would like to discuss in this brief review of properties of
the 4D Kerr-NUT-(A)dS metric is the separation of variables for the Hamilton–
Jacobi and Klein–Gordon equations. More generally, we consider these equa-
tions in the off-shell spacetime (A.21), with∆x(x) and∆y(y) arbitrary functions.
Let us first discuss the Klein–Gordon equation
✷Φ− µ2Φ = 0 . (A.35)
The separation of variables of equation (A.35) in canonical coordinates (τ, x, y, ψ)
means that Φ can be decomposed into modes
Φ = eiετ+imψX(x)Y (y) . (A.36)
Indeed, substituting this expression in the Klein–Gordon equation (A.35) one
obtains
(∆xX
′)′ + VxX = 0 , Vx = κ+ µ
2x2 − (εx
2 −m)2
∆x
, (A.37)
(∆yY
′)′ + VyY = 0 , Vy = κ + µ
2y2 − (εy
2 −m)2
∆y
. (A.38)
Here, the prime stands for the derivative of function with respect to its single ar-
gument. The separation constants ε and m are connected with the symmetries
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generated by the Killing vectors ξ = ∂t and η = ∂ψ. An additional separa-
tion constant κ is connected with the hidden symmetry generated by the Killing
tensor K. It should be emphasized, that in order to use the proved separabil-
ity for concrete calculations in the physical Kerr-NUT-(A)dS spacetime (A.13),
(A.18), one needs to specify functions ∆x and ∆y to have the form (A.22) and
perform the Wick transformation inverse to (A.20). This transformation ‘spoils’
the symmetry between the essential coordinates but the separability property
remains. In coordinates r and y in the ‘physical’ sector equations (A.37) and
(A.38) play different roles. Eq. (A.38) with imposed regularity conditions serves
as an eigenvalue problem which determines the spectrum of κ. Eq. (A.37) is a
radial equation for propagating modes.
Similarly, the Hamilton–Jacobi equation for geodesic motion
∂λS + g
ab∂aS∂bS = 0 (A.39)
in the background (A.21) allows a separation of variables and S can be written
in the form
S = µ2λ+ ετ +mψ + Sx(x) + Sy(y) . (A.40)
The functions Sx and Sy obey the equations
(S ′x)
2 =
Vx
∆x
, (S ′y)
2 =
Vy
∆y
. (A.41)
The separability of theHamilton–Jacobi andKlein–Gordon equations demon-
strated above is directly connected with the existence of the Killing tensor and
the corresponding symmetry operator [29] (see also Section 6.3.2). Let us men-
tion that a similar intrinsic characterization of the separation constants (con-
nected with the PCKY tensor) can be found in the case of the Dirac equation
[32], [126], as well as in the case of the massless equations with spin [124], [121],
[119], [120], [122], [123]. For example, one of the very convenient ways how to
prove that the Maxwell equations in the background (A.21) decouples and sep-
arate is the method of the Debye potentials, directly based on the existence of
the CKY tensor [17].
A.2 CKY tensors for the Pleban´ski–Demian´ski class
of solutions
In this section, based on [155], we present explicit expressions for the conformal
Killing–Yano tensors for the Pleban´ski–Demian´ski family of type D solutions.
Some physically important special cases are discussed in more detail. In par-
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ticular, it is demonstrated how the conformal Killing–Yano tensor becomes the
Killing–Yano tensor for the solutions without acceleration.
A.2.1 Pleban´ski–Demian´ski metric
The important family of type D spacetimes in four dimensions, including the
black-hole spacetimes like the Kerr metric, the metrics describing the acceler-
ating sources as the C-metric, or the non-expanding Kundt’s class type D solu-
tions, can be represented by the general seven-parameter metric discovered by
Pleban´ski and Demian´ski [200] (cf. also [60]). Recently, Griffiths and Podolsky´
[95], [97], [96], [201], [98], put this metric into a new form which enables a bet-
ter physical interpretation of parameters and simplifies a procedure how to de-
rive all special cases. Among subclasses of this solution let us mention the six-
parameter family of metrics without acceleration derived and studied already
by Carter [28], [27] and later by Pleban´ski [199].
It turns out that the elegant form of the Pleban´ski–Demian´ski metric not only
yields new solutions in 4D (see, e.g., [136], [10]), but also inspires for its gener-
alizations into higher dimensions. For example, Chen, Lu¨, and Pope [39] were
able to cast the Einstein space subclass of Carter’s non-accelerating solutions
into higher dimensions—thus constructing the general Kerr–NUT–(A)dS met-
rics in all dimensions. These are discussed in the main text. Recently, even
more general solutions in 5D [169], [170], directly inspired by the Pleban´ski–
Demian´ski metric, were obtained (see also Appendix C.6).
One of the most remarkable properties of the Carter’s subclass of non-
accelerating solutions, which is also inherited by its higher dimensional gener-
alization (see Chapter 4), is the existence of hidden symmetries associated with
the Killing–Yano tensor [195], [30]. In four dimensions the integrability con-
ditions for the existence of a non-degenerate Killing–Yano tensor restricts the
Petrov type of spacetime to type D (see, e.g., [48], [65]). Demian´ski and Francav-
iglia [63] demonstrated that from the known type D solutions only spacetimes
without acceleration of sources actually admit this tensor. The purpose of this
section is to show that the general Pleban´ski–Demian´ski metric admits the con-
formal generalization of the Killing–Yano tensor. We also explicitly demonstrate
how in the absence of acceleration this tensor becomes the known Killing–Yano
tensor of the Carter’s metric. The explicit expressions for this tensor for the
physically important cases are presented.
The original form of the Pleban´ski–Demian´ski metric [200] is given by
g = Ω2
[
−Q(dτ − p
2dσ)2
r2 + p2
+
P (dτ + r2dσ)2
r2 + p2
+
r2 + p2
P
dp2+
r2 + p2
Q
dr2
]
. (A.42)
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This metric obeys the Einstein–Maxwell equations with the electric and mag-
netic charges e and g and the cosmological constant Λ provided that functions
P = P (p) and Q = Q(r) take the particular form
Q = k+e2+g2−2mr+ǫr2−2nr3−(k+Λ/3)r4 ,
P = k+2np−ǫp2+2mp3−(k+e2+g2+Λ/3)p4 , (A.43)
the conformal factor is
Ω−1 = 1− pr , (A.44)
and the vector potential reads
A = − 1
r2+p2
[
e r
(
dτ−p2 dσ)+ g p (dτ+r2 dσ)] . (A.45)
The general Pleban´ski–Demian´ski metric (A.42) admits the CKY tensor [155]
k = Ω3
[
pdr ∧ (dτ − p2dσ) + r dp ∧ (dτ + r2dσ)
]
. (A.46)
Using the Maple program, one can easily verify that Eqs. (2.10),
∇akbc = ∇[akbc] + 2 ga[bξc] , ξa = 1
3
∇ckca , (A.47)
are satisfied. An independent proof is given at the end of this appendix. The
Hodge dual, h = ∗k, is also a CKY tensor. It reads
h = Ω3
[
r dr ∧ (p2dσ − dτ) + pdp ∧ (r2dσ + dτ)
]
, (A.48)
which is equivalent to
h = Ω3 db , (A.49)
where
b =
1
2
[
(p2 − r2)dτ + p2r2dσ] . (A.50)
It is interesting to mention that k and h are CKY tensors for the metric (A.42),
with an arbitrary conformal factor Ω and arbitrary functions P (p), Q(r), i.e.,
irrespectively of the fact whether the metric (A.42) solves the Einstein equations
or not. We shall return to this remark later. We shall also see that in the absence
of acceleration of sources, k becomes the KY tensor and h becomes the closed
CKY tensor.
For Ω given by (A.44) and arbitrary functions P (p) and Q(r) both isometries
of the spacetime follow from the existence of h and k as follows [cf. Eqs. (A.32),
APPENDIX A. ON HIDDEN SYMMETRIES IN 4D 108
(A.33)]:
ξ(h) ≡ −
1
3
δh = ∂τ , ξ(k) ≡ −
1
3
δk = ∂σ . (A.51)
The conformal Killing tensor, (2.15), associated with k reads
Q(k) = Ω
4
[Qp2(dτ−p2dσ)2
r2 + p2
+
Pr2(dτ+r2dσ)2
r2 + p2
+
r2+p2
P
r2dp2 − r
2+p2
Q
p2dr2
]
.
(A.52)
It inherits the ‘universality’ of k, i.e., it is a conformal Killing tensor of the metric
(A.42) with an arbitrary Ω, and arbitrary Q(r) and P (p). In the absence of accel-
eration Q(k) becomes a Killing tensor which generates the Carter’s constant for
a geodesic motion [26]. The conformal Killing tensor associated with h is
Q(h) = Ω
4
[Qr2(dτ−p2dσ)2
r2 + p2
+
Pp2(dτ+r2dσ)2
r2 + p2
+
r2+p2
P
p2dp2 − r
2+p2
Q
r2dr2
]
.
(A.53)
Both tensors are related as
Q(h) = Q(k) + Ω
2(p2 − r2) g . (A.54)
Following [97] one can easily perform the transformations of coordinates
and parameters to obtain the complete family of type D spacetimes and the
corresponding particular forms of CKY tensors. In the next two sections we
consider two special cases. First, we deal with the generalized black holes and,
second, we demonstrate what happens when the acceleration of sources is re-
moved.
A.2.2 Generalized black holes
Following [97], let us introduce two new continuous parameters α (the acceler-
ation) and ω (the ‘twist’) by the rescaling
p→√αωp , r →
√
α
ω
r , σ →
√
ω
α3
σ , τ →
√
ω
α
τ , (A.55)
and relabel the other parameters as
m→
(α
ω
)3/2
m , n→
(α
ω
)3/2
n , e→ α
ω
e , g → α
ω
g , ǫ→ α
ω
ǫ , k → α2k .
(A.56)
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Then the metric and the vector potential take the form
g = Ω2
[
−Q(dτ−ωp
2dσ)2
r2 + ω2p2
+
P (ωdτ+r2dσ)2
r2 + ω2p2
+
r2+ω2p2
P
dp2 +
r2+ω2p2
Q
dr2
]
,
A = − 1
r2+ω2p2
[
e r
(
dτ−ωp2 dσ)+ g p (ωdτ+r2 dσ)] , (A.57)
with
Ω−1 = 1− α pr , (A.58)
Q = ω2k+e2+g2−2mr+ǫr2−2αn
ω
r3−(α2k+Λ
3
)
r4 , (A.59)
P = k+
2n
ω
p−ǫp2+2αmp3−
[
α2(ω2k+e2+g2)+ω2
Λ
3
]
p4 . (A.60)
The CKY tensors are (up to trivial constant factors)
Ω−3k = ωpdr ∧ (dτ−ωp2dσ) + r dp ∧ (ωdτ+r2dσ) , (A.61)
and, h = Ω3 db, with Ω given in (A.58), and
b =
1
2
[
(ω2p2 − r2)dτ + ωp2r2dσ] . (A.62)
Let’s consider two special cases. First, we relabel ω = a, perform an addi-
tional coordinate transformation
p→ cos θ , τ → τ − aφ , σ → −φ , (A.63)
and set
k = 1 , ǫ = 1− α2(a2 + e2 + g2)− Λ
3
a2 , n = −αam . (A.64)
(One parameter—NUT charge—was set to zero and the scaling freedom was
used to eliminate the other two.) We have obtained a six-parameter solution
which describes the accelerating rotating charged black hole with the cosmo-
logical constant:
g = Ω2
{
−Q
∆
[
dτ − a sin2θdφ]2+ ∆
Q
dr2+
P
∆
[
adτ − (r2 + a2)dφ]2+ ∆
P
sin2θdθ2
}
,
(A.65)
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where
Ω−1 = 1− αr cos θ , ∆ = r2 + a2 cos2 θ ,
Q = (a2+e2+g2−2mr+r2)(1−α2r2)− Λ
3
(a2+r2)r2 ,
P
sin2θ
= 1−2αm cos θ+
[
α2(a2+e2+g2)+
Λa2
3
]
cos2 θ . (A.66)
In the brackets in (A.65) we can easily recognize the familiar form of the Kerr
solution. The conformal factor and the modification of metric functions cor-
respond to the acceleration and the cosmological constant. The CKY tensor k
takes the form
Ω−3k = a cos θ dr∧ [dτ−a sin2θ dφ]− r sin θ dθ ∧ [adτ−(r2+a2)dφ] , (A.67)
whereΩ is given in (A.66). Except the conformal factor we recovered the Killing–
Yano tensor for the Kerr metric derived by Penrose and Floyd [195], [74].
The second interesting example is obtained if instead of (A.63) and (A.64) we
perform
p→ l + a cos θ
ω
, τ → τ − (l + a)
2
a
φ, σ → −ω
a
φ , (A.68)
set the acceleration to zero, α = 0, and adjust
ǫ = 1− Λ
3
(a2 + 6l2) , n = l +
Λl
3
(a2 − 4l2) , ω2k = (1− l2Λ)(a2 − l2) . (A.69)
Then we have a non-accelerated rotating charged black hole with NUT param-
eter and the cosmological constant:
g =− Q
∆
[
dτ − (a sin2 θ + 4l sin2 θ
2
)dφ
]2
+
∆
Q
dr2
+
P
∆
{
adτ − [r2 + (a + l)2]dφ}2 + ∆
P
sin2θ dθ2 ,
(A.70)
where
P
sin2θ
= 1 +
4Λ
3
al cos θ +
Λ
3
a2 cos2θ , ∆ = r2 + (l + a cos θ)2 ,
Q = a2−l2+e2+g2−2mr+r2−Λ
3
[
3(a2−l2) l2 + (a2+6l2)r2+r4
]
. (A.71)
The CKY tensor k becomes the KY tensor (see also the next subsection) and
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takes the form
k = (l + a cos θ)dr∧ [dτ − (a sin2 θ + 4l sin2 θ
2
)dφ
]
−r sin θ dθ ∧
{
adτ − [r2 + (a+ l)2]dφ} . (A.72)
The dual CKY tensor becomes closed, h = db, with
b =
1
2
{[
(l+a cos θ)2−r2][adτ−(l+a)2dφ]− r2(l+a cos θ)2dφ} . (A.73)
In particular, in vacuum (e = g = Λ = 0) we recover the KY tensor for the Kerr
metric (l = 0), respectively for the NUT solution (a = 0) studied recently in
[116], respectively [115].
A.2.3 Carter’s metric
Let us take the Pleban´ski–Demian´ski metric in the form (A.57) and set the ac-
celeration to zero, α = 0, and ω = 1. Then the conformal factor becomes Ω = 1
and we recover the Carter’s family of non-accelerating solutions [28], [27] in the
form used in [199]:
g = −Q(dτ − p
2dσ)2
r2 + p2
+
P (dτ + r2dσ)2
r2 + p2
+
r2 + p2
P
dp2 +
r2 + p2
Q
dr2 , (A.74)
where
Q = k + e2 + g2 − 2mr + ǫr2 − Λ
3
r4 ,
P = k + 2np− ǫp2 − Λ
3
p4 ,
(A.75)
and the vector potential is given by (A.45). Notice that (A.74) coincides with the
canonical form (A.13) discussed in the previous section.
We also get
k = pdr ∧ (dτ − p2dσ) + r dp ∧ (dτ + r2dσ) , (A.76)
which is the Killing–Yano tensor given by Carter [30]. Its dual,
h = ∗k = db , (A.77)
with b given by (A.50), becomes the closed CKY tensor. These are the hidden
symmetries for the canonical metric [independent of the particular form of P (p)
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and Q(r)]. The conformal Killing tensor (A.52) becomes the Killing tensor
K =
Qp2(dτ − p2dσ)2
r2 + p2
+
Pr2(dτ + r2dσ)2
r2 + p2
+
r2 + p2
P
r2dp2 − r
2 + p2
Q
p2dr2 .
(A.78)
Both isometries of spacetime may be derived from the existence of k, but in a
different manner than before. We have ξ(h) = ∂τ whereas ξ(k) = 0 since k is now
a KY tensor. Nevertheless, the second isometry is given by [cf. Eq. (A.33)]
(∂σ)
a = Kab ξ
b
(h) . (A.79)
Let us observe that the full Pleban´ski–Demian´ski metric with acceleration is
related to the (non-accelerating) Carter’s metric only by a conformal rescaling
and a modification of metric functions P (p) and Q(r).6 It allows us to use the
theorem (see, e.g., [219], [116]) which states that whenever k is a CKY tensor
for the metric g then Ω3k is a CKY tensor for the conformally rescaled metric
Ω2g. This would justify the transition from the known KY tensor (A.76) to the
CKY tensor (A.46), up to the fact, that in the transition from (A.42) to (A.74) we
also need to change metric functions P (p) and Q(r). Fortunately, as mentioned
above, the ‘universality’ of k, i.e., the property that (A.76) remains KY tensor for
the metric (A.74) with arbitrary function P (p) and Q(r), can be demonstrated.
Indeed, the only nontrivial components of the covariant derivative∇k, namely
∇pkσr = ∇rkpσ = ∇σkrp = r2 + p2 , (A.80)
are completely independent of the form of Q(r) and P (p). Therefore one can
start with the metric g (A.74), with the KY tensor k (A.76), and with arbitrary
functions P (p) and Q(r) so that, after performing the conformal scaling g →
Ω2g we obtain the metric (A.42). The theorem ensures that Ω3k is the universal
CKY tensor for the new metric, and in particular for the Pleban´ski–Demian´ski
solution, where Ω is given by (A.44) and functions P (p) and Q(r) by (A.43).
6One might hope that such a transition could work also in higher dimensions. For the
demonstration that it is not so, see Appendix C.6.
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Appendix B
PCKY tensor in the Myers–Perry
spacetimes
Historically, the PCKY tensor in higher-dimensional black hole spacetimes was
first discovered [77] for the Myers–Perry metrics [185], and its existence was
verified with the help of the Maple program up to D ≤ 8. A little bit later, an
(unpublished) analytical calculation, using the Kerr–Schild form of the Myers–
Perry metrics, proved its existence in an arbitrary number of spacetime dimen-
sions. Soon after that, the PCKY tensor was discovered for the Gibbons–Lu¨–
Page–Pope [92], [93] Kerr-(A)dS metrics (unpublished), and finally [153] for the
general Kerr-NUT-(A)dS spacetimes [39]. In this appendix we give a brief ac-
count of these historical developments and present the sketch of the (unpub-
lished) proof justifying the existence of the PCKY tensor in the Myers–Perry
spacetimes.
B.1 Myers–Perry metrics and their symmetries
The Myers–Perry (MP) metrics [185] are the most general known vacuum so-
lutions for the higher-dimensional rotating black holes. These solutions allow
the Kerr–Schild form [185], they are of the type D of the higher-dimensional al-
gebraic classification [178], [46], [45]. The metrics have slightly different form
for the odd and even number of spacetime dimensions D. We can write them
compactly as
g = −dt2+ Udr
2
V −2M +
2M
U
(
dt+
m∑
i=1
aiµ
2
idφi
)2
+
m∑
i=1
(r2+a2i )(µ
2
idφ
2
i+dµ
2
i )+ǫr
2dν2 ,
(B.1)
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where
V ≡ rǫ−2
m∏
i=1
(r2 + a2i ) , U ≡ V
(
1−
m∑
i=1
a2iµ
2
i
r2 + a2i
)
. (B.2)
Here m ≡ [(D − 1)/2], where [A] means the integer part of A. We define ǫ to
be 1 for D even and 0 for odd. (This is different from the Kerr-NUT-(A)dS ε;
ǫ = 1 − ε.) The coordinates µi are not independent. They obey the following
constraint:
m∑
i=1
µ2i + ǫν
2 = 1 . (B.3)
The MPmetrics possess the PCKY tensor [77], and the, derivable from it, towers
of hidden symmetries and tower of Killing vectors. The latter is related to the
obvious m + 1 isometries, ∂t, ∂φi , i = 1, . . . , m , present in the spacetime (see,
e.g., Eq. (B.8) below). The KY potential b for the MP metric (B.1) reads [77]
b =
1
2
[(
r2 +
m∑
i=1
a2iµ
2
i
)
dt +
m∑
i=1
aiµ
2
i (r
2 + a2i )dφi
]
. (B.4)
The corresponding PCKY tensor h is
h =
m∑
i=1
aiµidµi∧
[
aidt+ (r
2 + a2i )dφi
]
+ rdr∧(dt+ m∑
i=1
aiµ
2
idφi
)
. (B.5)
Here and later on in similar formulas the summation over i is taken from 1 tom
for both—even and odd number of spacetime dimensionsD; the coordinates µi
are independent when D is even whereas they obey the constraint (B.3) when
D is odd.
Historically, the existence of the PCKY tensor was discovered with the help
of the Maple Program. At the time of discovery it was known that the 5D MP
metric possesses the Killing tensor and allows the separation of variables for
the Hamilton–Jacobi and scalar field equations [81], [80]. It was also known that
such a separation is possible in higher dimensions, provided that the rotation
parameters ai are divided into two classes, and within each of the classes they
are equal of one another [228]. One of the motivations to search for the hidden
symmetry associated with Killing–Yano tensors was the task to solve the paral-
lel transport of orthonormal frames. (This task was finally accomplished three
years later, see Chapter 9.)
We further remark that, by the time of the discovery of the PCKY tensor
(B.5) it was completely unknown that such a tensor allows one to generate other
hidden symmetries or Killing vectors, except those of the dual Killing–Yano
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tensor f = ∗h ,
fa1... aD−2 = (∗h)a1 ... aD−2 =
1
2
e cda1 ... aD−2 hcd , (B.6)
the associated Killing tensor
Kab =
1
(D − 3)! faa1 ... aD−3f
a1 ... aD−3
b = hach
c
b −
1
2
gabhcdh
cd , (B.7)
and the corresponding two Killing vectors,
ξa =
1
D − 1 ∇ch
ca , ηa = Kacξ
c . (B.8)
Specifically, the explicit expressions for f in four and five dimensions, and the
following (‘computer-empirical’) formulas:
Kab∂a∂b =
m∑
i=1
[
a2i (µ
2
i−1) g−1+a2iµ2i∂2t+
1
µ2i
∂2φi
]
+
m−1+ǫ∑
i=1
∂2µi−2ZZ−ξζ−ζξ , (B.9)
ξ = ∂t , η =
m∑
i=1
a2i ξ − ζ , ζ ≡
m∑
i=1
ai∂φi , Z ≡
m−1+ǫ∑
i=1
µi∂µi , (B.10)
were known. These expressions were verified with the help of the Maple pro-
gram up to D = 8. In 4D, the expression for f coincided with the KY tensor dis-
covered by Penrose and Floyd [195], [74], and the Killing tensor (B.9) reduced to
the Killing tensor obtained in [26], [232]. In D = 5, the Killing tensor (B.9) gave
the Killing tensor obtained in [81], [80], after the (constant) term ξζ + ζξ was
omitted. All these ‘computer-empirical’ results were put onto the solid ground
by the (never published) analytical proof proving the existence of the PCKY
tensor in an arbitrary number of spacetime dimensions (see Appendix B.3).
Soon after this proof was finished, the PCKY tensor for the general Kerr-
NUT-(A)dS spacetimes was discovered [153]. Let us in the next section briefly
mention the pre-stage of this development. Themain impulse was the discovery
of the PCKY tensor for the Kerr-(A)dS black holes, together with the transfor-
mation of this object into its ‘universal’ canonical form.
B.2 Kerr-(A)dS black holes and their symmetries
A generalization of the MP metric which includes the cosmological constant,
the Kerr-(A)dS solution in all dimensions, was obtained in 2004 by Gibbons, Lu¨,
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Page, and Pope [92], [93]. The metric obeys the Einstein equations
Rab = (D − 1)λgab . (B.11)
Similar to the MP metric, the solution allows the Kerr–Schild form and it is of
the algebraic type D. In the ‘generalized’ Boyer–Lindquist coordinates it takes
the form
g = −W (1− λr2)dt2 + 2M
U
(
Wdt+
m∑
i=1
aiµ
2
idφi
1 + λa2i
)2
+
m∑
i=1
r2 + a2i
1 + λa2i
(µ2idφ
2
i + dµ
2
i )
+
Udr2
V − 2M +
λ
W (1− λr2)
( m∑
i=1
r2 + a2i
1 + λa2i
µidµi + ǫr
2νdν
)2
+ ǫr2dν2 , (B.12)
where
W ≡
m∑
i=1
µ2i
1 + λa2i
+ ǫν2 , V ≡ rǫ−2(1− λr2)
m∏
i=1
(r2 + a2i ) ,
U ≡ V
1− λr2
(
1−
m∑
i=1
a2iµ
2
i
r2 + a2i
)
. (B.13)
Here, we use the same notations and constraint (B.3) as for the MP metrics.
The Kerr-(A)dS spacetime possesses the PCKY tensor, derivable from the KY
potential
b =
1
2
{[
r2 +
m∑
i=1
a2iµ
2
i
(
1− λ r
2 + a2i
1 + λa2i
)]
dt+
m∑
i=1
aiµ
2
i
r2 + a2i
1 + λa2i
dφi
}
. (B.14)
The PCKY tensor, h = db, reads
h =
m∑
i=1
aiµidµi∧
[
aidt+
r2 + a2i
1 + λa2i
(dφi−λaidt)
]
+rdr∧
[
dt+
m∑
i=1
aiµ
2
i (dφi−λaidt)
]
.
(B.15)
This formula was explicitly verified, using theMaple program, forD ≤ 7. More-
over, when the cosmological constant λ is set to zero the KY potential (B.14)
reduces to that of the Myers–Perry metric (B.4).
The crucial impulse for the discovery of the PCKY tensor in the general Kerr-
NUT-(A)dS spacetimes (4.1), presented in the main text, was the following ob-
servation. In D = 4, the metric (B.12) describes the Kerr black hole in the (A)dS
background. Such a black hole possesses only one rotation parameter which,
as usual, we denote by a. We also put µ1 = sin θ, φ1 = φ, and perform the
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additional linear transformation of φ and t:
dt→ dt , dφ→ −aλdt− (1 + λa2)dφ . (B.16)
Then one recovers the ‘standard’ form of the Kerr-(A)dSmetric. Up to a constant
factor, one also has
f = r sin θdθ∧[adt+ (r2 + a2)dφ]− a cos θdr∧[dt+ a sin2θdφ] , (B.17)
which is the KY tensor discovered by Penrose and Floyd [195], [74] for the Kerr
metric. In this form, however, it holds also for the nontrivial λ. Moreover, fur-
ther transformation
t→ τ − a2σ , φ→ aσ , cos θ → −p/a , (B.18)
brings the metric and the KY tensor into their canonical forms (A.13) and (A.15)
described in Appendix A. In particular, we have
f = rdp∧(dτ + r2dσ) + pdr∧(dτ − p2dσ) . (B.19)
In this form f is completely ‘universal’; it neither depends on λ nor on a. In
fact, it is the KY tensor for the general Carter’s solution described in Appendix
A.2.3. This inspired the author of this thesis to search for a convenient coor-
dinate transformation which would transform the known higher-dimensional
PCKY tensor (B.5) or (B.15) into its ‘universal’ form. This is how the PCKY ten-
sor (4.13) for the Kerr-NUT-(A)dS metric (4.1) was discovered.
B.3 PCKY tensor in the MP spacetime: the proof
In this section we prove that the tensor h, given by (B.5), is indeed the PCKY
tensor for the MP metric (B.1). Namely, we prove that it obeys the closed CKY
equations (3.7). We proceed in two steps. First, we transform the metric and
h into the Kerr–Schild coordinates. Second, following [185], we introduce the
convenient orthonormal basis in which the verification of (3.7) is, although elab-
orate, rather straightforward.
B.3.1 Kerr–Schild form
Let us start with the transformation
dt = dτ − 2M
V − 2M dr , dφi = dϕi +
V
V − 2M
ai
r2 + a2i
dr , (B.20)
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which transforms the metric element (B.1) into the ‘Edington-like’ form. We
further introduce the Kerr–Schild coordinates
xi ≡ µi
√
r2+a2i cos
(
ϕi−arctan ai
r
)
, yi ≡ µi
√
r2+a2i sin
(
ϕi−arctan ai
r
)
, z ≡ ǫνr .
(B.21)
Here, index i = 1, . . . , m, and the last coordinate z is introduced only in an even
number of spacetime dimensions. The inverse transformation reads
µ2i =
x2i + y
2
i
r2 + a2i
, ϕi = arctan
ai
r
+ arctan
yi
xi
, ǫν =
z
r
. (B.22)
These relations imply
µidµi =
xidxi + yidyi
r2 + a2i
− (x
2
i + y
2
i )rdr
(r2 + a2i )
2
, dϕi =
xidyi − yidxi
x2i + y
2
i
− aidr
r2 + a2i
.(B.23)
The constraint (B.3) reads1
m∑
i=1
x2i + y
2
i
r2 + a2i
+ ǫ
z2
r2
= 1 . (B.24)
Differentiating this expression we find
∂xir =
rxi
F (r2 + a2i )
, ∂yir =
ryi
F (r2 + a2i )
, ∂zr =
ǫz
Fr
, (B.25)
F ≡ U
V
= 1−
m∑
i=1
a2i (x
2
i + y
2
i )
(r2 + a2i )
2
= r2
m∑
i=1
x2i + y
2
i
(r2 + a2i )
2
+ ǫ
z2
r2
. (B.26)
Therefore,
dr =
r
F
m∑
i=1
xidxi + yidyi
r2 + a2i
+ ǫ
zdz
Fr
. (B.27)
Using these relations we find that the metric takes the ‘Kerr–Schild’ form
g = η + hkk , (B.28)
1The ‘Boyer–Lindquist’ form (B.1) of the MP metric is in the original paper [185] derived
from the Kerr–Schild ansatz (B.28). We are now going backwards. In the original derivation the
constraint (B.3) is understood as a defining equation for the coordinate r. It also expresses the
fact that the vector k, (B.30), is null.
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where
η = −dτ 2 +
m∑
i=1
(dx2i + dy
2
i ) , h =
2M
U
, (B.29)
k = dτ +
m∑
i=1
r(xidxi + yidyi) + ai(xidyi − yidxi)
r2 + a2i
+ ǫ
zdz
r
. (B.30)
The PCKY tensor (B.5) reads
h =
m∑
i=1
[
(xidxi + yidyi)∧dτ + aidxi∧dyi
]
+ ǫzdz∧dτ . (B.31)
The last expression is particularly useful for obtaining the flat space limit of this
tensor [cf. Eq. (A.3)].
B.3.2 Basis forms
So far, we have covered both cases of the odd(even)-dimensional spacetime si-
multaneously. It is now natural to split the subsequent calculations. Here, we
concentrate on the even-dimensional case (the proof in an odd number of di-
mensions is slightly modified but analogous).
Let us introduce the basis of 1-forms Ea = eaµdx
µ,
Eu ≡ du+ Akdxk + 1
2
A2dv , Ev ≡ dv −HEu , Ek ≡ dxk + Akdv ,(B.32)
dv = Ev +HEu , du = Eu +
1
2
A2dv − AkEk , dxk = Ek −Akdv , (B.33)
in which the (even-dimensional) metric (B.28) takes the form
g = −2E(uEv) +EkEk . (B.34)
Here, we have defined xk ≡ (xi, yj) , Ak ≡ (qBi, qCj) ,Ek ≡ (Eix,Ejy) ,
Bi ≡ rx
i − aiyi
r2 + a2i
, C i ≡ ry
i + aix
i
r2 + a2i
, q ≡
√
2r
r + z
, H ≡ M
2Uq2
. (B.35)
Indices i, j run over 1, . . . , m, whereas indices k, l, o through 1, . . . , 2m; due Ein-
stein summation conventions are used. Also, aix = aiy = ai whenever ix = iy.
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Using the fact that
1
2
A2 ≡ 1
2
AkAk =
q2
2
(BiBi + C iC i) =
q2
2
x2i + y
2
i
r2 + a2i
=
r − z
r + z
=
√
2q − 1 , (B.36)
C iai = xi − rBi , Biai = rC i − yi , (B.37)
X ≡ xkAk = qrx
2
i + y
2
i
r2 + a2i
=
q
r
(r2 − z2) =
√
2(r − z) , (B.38)
we find
dv∧du = −Eu∧Ev − dv ∧AkEk ,
aidxi∧dyi = aiEix∧Eiy + dv ∧ (qxkEk − rAkEk) ,
xkdxk∧(du+dv) = XEu∧Ev+xkEk∧(Eu−AlEl)+dv∧(XAlEl−
√
2qxlEl) .
Plugging these expressions into (B.31), we find the following form of the PCKY
tensor in the chosen basis:
h = rEu∧Ev + x
k
√
2
Ek∧Eu + (aiδkixδliy − x
kAl√
2
)Ek∧El . (B.39)
Let us conclude this subsection with introducing the dual basis operators
Da = e
µ
a∂µ ,
D ≡ Dv = ∂v−Ak∂k+1
2
A2∂u , ∆ ≡ Du = ∂u+HD , δk ≡ Dk = ∂k−Ak∂u ,
∂u = ∆−HD, ∂v = D + 1
2
A2∂u + A
kδk, ∂k = δ
k + Ak∂u . (B.40)
B.3.3 Connection coefficients for the MP metric
The connection coefficients Γabc (antisymmetric in the first two indices) are ob-
tained from relations
dEa = −1
2
DabcE
b∧Ec , Γabc = 1
2
(Dcab +Dbac −Dabc) . (B.41)
When calculating these coefficients, we shall use the fact that the exterior deriva-
tive d can be expressed as
d = Eu∆+EvD +Elδl . (B.42)
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Calculations are aided by the fact (proved in the next subsection) that
DAk = 0 . (B.43)
So we find
dEu = dAk∧Ek = −∆AkEk∧Eu + δlAkEl∧Ek ,
dEv = DHEu∧Ev + (H∆Ak − δkH)Ek∧Eu −HδlAkEl∧Ek ,
dEl = ∆AlEu∧Ev + δkAlEk∧Ev +HδkAlEk∧Eu . (B.44)
Comparing with (B.41) we identify
Duku = ∆A
k, Dulk = −F lk, Dvuv = −DH, Dvku = δkH −H∆Ak,
Dvlk = HF
lk, Dluv = −∆Al, Dlkv = −δkAl, Dlku = −HδkAl, (B.45)
where we introduced
F lk ≡ δlAk − δkAl = −F kl = Flk . (B.46)
This leads to the following coefficients:
Γvvu = −DH , Γvku = H∆Ak − δkH , Γvkl = −HδkAl , Γuku = −∆Ak ,
Γukl = −δlAk , Γuuu = DH , Γkuu = H∆Ak − δkH , Γkul = −HδkAl ,
Γkvu = −∆Ak , Γkvl = −δlAk , Γlku = −HFlk . (B.47)
B.3.4 Covariant derivatives of the PCKY tensor
In order to verify the closed CKY equation (3.7),
∇chab = 2gc[aξb], ξb = 1
D − 1∇dh
d
b , (B.48)
we need to calculate the covariant derivatives of h,
hab; c = Dchab − Γdachdb − Γdbchad , (B.49)
where [cf. Eq. (B.39)]
huv = r , hku =
1√
2
xk , hkl = − 2√
2
x[kAl] + 2aiδ
ix[kδl]iy . (B.50)
The most lengthy parts of the calculation (the details of which we moved to the
next subsection) are summarized by the following lemmas:
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Lemma 1 (‘Orthogonality relations’).
a) rδlAk − hokδlAo = qδkl , b) rδkAl − hkoδoAl = qδkl . (B.51)
Lemma 2.
r∆Ak − hlk∆Al = − 1√
2
Ak . (B.52)
Lemma 3.
hku;u = 0 . (B.53)
Summing a) and b) in (B.51), we immediately get
hkoF
lo = 2qδkl − 2rδ(lAk) , h[k|o|Fl]o = 0 . (B.54)
We also need the following relations:
∆hkl +
2√
2
x[k∆Al] = 0 , Dhkl = 0 , δ
ohkl +
2√
2
x[kδ|o|Al] =
2√
2
δo[lAk] , (B.55)
which follow from previous identities.
Applying all these lemmas and identities, we find that the only nontrivial
covariant derivatives of h are
huv; u =
1√
2
− qH , huv; v = −q , hku; v = − 1√
2
Ak , hku; l = δ
lk(
1√
2
− qH) ,
hkl; o =
2√
2
δo[lAk] , hvk; u =
1√
2
Ak , hkv; l = qδ
kl . (B.56)
Specifically, we find
ξ♭ = − 1
D − 1 δh =
( 1√
2
− qH
)
Eu + qEv − 1√
2
AkEk . (B.57)
It is now straightforward to verify that Eq. (B.48) holds. ♥
B.3.5 Proofs of lemmas
In this subsection we gather the proofs of the above statements. Let us denote
ck ≡ 1/(r2 + a2k). For example, the constraint (B.24), and the definition of F ,
(B.26), are
ckx
2
k +
z2
r2
= 1 , F = 1− a2kx2kc2k = r2x2kc2k +
z2
r2
. (B.58)
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We also find
ckx
kAk = qrx
2
kc
2
k =
q
r
(
F − z
2
r2
)
=
r
q
ckA
2
k , a
2
kxkAkc
2
k = qra
2
kxkc
3
k . (B.59)
Let us first prove the relation (B.43). Using Eqs. (B.25), (B.36), (B.37), and
(B.59), we find
Dr = ∂vr−Ak∂kr+1
2
A2∂ur = − z√
2Fr
− rckx
kAk
F
+
(
√
2q−1)z√
2Fr
= −q ,
Dz = q −
√
2 , Dq = 0 , Dxk = −Ak , Dck = 2rqc2k . (B.60)
Therefore one has [and similarly for D(qC i) = 0]
D(qBi) = qD(Bi) = q2
[
−xici − rciBi + aiciC i + 2rc2i (rxi − aiyi)
]
= 0 , (B.61)
where (B.37) and the definition of Bi were used. ♥
Proof of Lemma 1. Let us decompose hkl into its constant part hˆkl and the
‘rest’
hkl = hˆkl + h˜kl , hˆkl ≡ 2aiδix[kδl]iy , h˜kl ≡ − 2√
2
x[kAl] . (B.62)
We first notice that [see (B.36)]
1
2
δlA2 =
√
2 δlq , δlxk = δlk , δlz = − 1√
2
Al , (B.63)
xkδlAk = δlX − Al =
√
2δlr , h˜okδ
lAo = −Akδlr + xkδlq . (B.64)
Furthermore, using (B.37), we find
hˆokδ
lAo = hˆixkδ
lAix + hˆiykδ
lAiy = δl(qBiai)δ
iyk − δl(qC iai)δixk
= δl(qrC i − qyi)δiyk − δl(qxi − qrBi)δixk
= Akδlr − xkδlq + rδlAk − qδlk. (B.65)
Combining (B.65) with (B.64) completes the proof of (B.51) a).
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To prove (B.51) b), we successively find
δlr =
rxlcl
F
− zA
l
√
2rF
, δlq =
q2Al
2r
+
zq2δlr√
2r2
=
q2zxlcl√
2rF
+
q2Al
2r
(
1− z
2
Fr2
)
, (B.66)
δkAl = AkAl
( q
2r
− qz
2
2r3F
+
√
2zcl
F
)
+ Alxk
( qzck√
2rF
− 2r
2ckcl
F
)
− Akxl qzcl√
2rF
+xlxk
qrclck
F
+ δklqrck + 2qaiciδ
ix[kδl]iy . (B.67)
Moreover, using identities (B.59), we find
rAk − hklAl = Ak(r + z)− qz
r
xk , rxkck − hklxlcl = zA
k
rq
+
qxk√
2r
(F − z
2
r2
) ,
aici(rδ
ix[kδl]iy − hkoδix[oδl]iy) = −A
kAl√
2q
+
rclx
lAk√
2
+
rclx
kAl√
2
− qclx
lxk√
2
+ a2l clδ
lk .
(B.68)
Using these relations one can express, rδkAl − hkoδoAl, in terms of ‘independent’
coefficients AkAl, Alxk, Akxl, xlxk, δlk. Finally, using
q
2
+
zq
2r
=
1√
2
, (B.69)
and the definition of q one can verify that each term, but qδlk, vanishes which
completes the proof of (B.51) b). ♥
Proof of Lemma 2. Let us decompose hkl as in (B.62). Then we find
1
2
∆A2 =
√
2∆q , ∆xk = −AkH , ∆z = 1√
2
+H(q −
√
2) , (B.70)
xk∆Ak =
√
2(∆r+qH)−1 , h˜lk∆Al = xk∆q−Ak∆r − qHAk+ Ak√
2
. (B.71)
With the help of (B.37) we find
hˆlk∆A
l = −xk∆q + Ak∆r + qHAk + r∆Ak . (B.72)
Combination of (B.71) and (B.72), gives (B.52). ♥
Proof of Lemma 3. This proof is the most difficult part of the whole calcula-
tion. We sketch only the main steps. Using (B.52) and (B.70), we find
hku;u = 2rH∆A
k − rδkH − 1√
2
xkDH + hklδ
lH +
1√
2
HxlF lk . (B.73)
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Our task is now to show that this expression is equal to zero. First of all, using
the following identities:
xlδlr =
r − z
F
, Alδlr = n− nz
rF
, xlδlq =
q2X
2r
(
1 +
z
rF
)
,
xlδlAk =
r − z
F
qxkck + A
k
[√
2q +
X
2F
(zq
r2
− 2
√
2rck
)]
, (B.74)
we find
1√
2
xlF lk =
xlδlAk√
2
− δkr = −
√
2qzxkck
F
+ Ak
(
q +
qz
rF
− Xrck
F
)
. (B.75)
Next, from (B.25) it follows that
2r∆Ak = Ak
(
−q + qz
2
Fr2
− 2
√
2zrck
F
)
+
xkck
√
2zq
F
. (B.76)
Contracting (B.67), we find
δlAl = 2qr
( m∑
i=1
ci +
N3
F
)
, N3 ≡ a2kx2kc3k =
a2kxkAkc
2
k
qr
. (B.77)
So we have
DF = −2qrN3 , D lg V = q
r
− 2qr
m∑
i=1
ci ,
DH
H
=
1
H
D
( M
2q2FV
)
= −D lg(FV ) = −q
r
+ 2qr
( m∑
i=1
ci +
N3
F
)
, (B.78)
and therefore, using (B.77), we get
xk√
2
DH
H
=
xk√
2
(
δlAl − q
r
)
. (B.79)
Similarly, we obtain
δklg q2 =
qAk
r
+
√
2zqδkr
r2
, δklg V =
δkr
r
(
2r2
m∑
i=1
ci − 1
)
, (B.80)
δkF = −2a2kxkc2k + 4rδkrN3 ,
δkH
H
= −δklg(q2FV ) = 2a
2
kx
kc2k
F
− qA
k
r
+
δkr
r
(
1−
√
2zq
r
− 2r
2N3
F
− rδ
lAl
q
)
.
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Finally, using (B.68), and
rδkr−hklδlr = qx
k
√
2
, ra2kx
kc2k−hkla2l xlc2l = Ak
(F − 1√
2
+
a2kck
q
)
+
qrN3x
k
√
2
, (B.81)
one has
1
H
(
rδkH − hklδlH
)
= Ak
(2a2kck
Fq
−
√
2
F
)
+ xk
( q√
2r
− δ
lAl√
2
)
. (B.82)
Combining the results (B.75), (B.76), (B.79), and (B.82), we find that
hku;u =
1√
2
xlF lk + 2r∆Ak − x
k
√
2
DH
H
− 1
H
(rδkH − hklδlH) = 0 . ♥ (B.83)
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Appendix C
Miscellaneous results
In this appendix we gather various results concerning the PCKY tensor and
other related topics. Namely, we prove that the eigenvectors of the PCKY tensor
coincide with the principal null directions, we review the algebraic integrability
conditions for the existence of a CKY 2-form and relate them with the algebraic
type of the spacetime, we review some algebraic identities used throughout the
text and comment on the separability of the first order differential equations in
Kerr-NUT-(A)dS spacetimes, we outline the unsuccessful attempt to generalize
these metrics to the Pleban´ski–Demian´ski solution in higher dimensions, and
finally briefly comment on the degeneracy of the eigenvalues of the operator F
used in Chapter 9.
C.1 Principal null directions as eigenvectors of the
PCKY tensor
Lemma. Eigenvectors of the PCKY tensor h coincide with the ‘principal null direc-
tions’. That is, the solution of the eigenvalue problem
l−| h = λl
♭ , (C.1)
is a geodesic WAND (Weyl aligned null direction).
Proof: Contracting (C.1) with l immediately implies that l is null. To prove
that it is geodesic let us introduce the complex null Darboux basis for h,
h = λ l♭∧ n♭ +
∑
i
νimi
♭ ∧ m¯i♭ , (C.2)
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with the only non-vanishing scalar products
(l,n) = −1 , (mi, m¯i) = 1 . (C.3)
Let us denote by T˙ ≡ ∇lT , and in particular z ≡ l˙. Using the PCKY equation
(3.3) and (C.1) we find
∇l(l−| h) = z−| h− l♭(l−| ξ) = λz♭ + λ˙l♭ .
Re-arranging the last equation we get
z−| h = l
♭
(
λ˙+ l−| ξ
)
+ λz♭ . (C.4)
On the left-hand-side we plug the expression (C.2) for h, and contract both sides
with n , to obtain
n−| (z−| h) = λ(n, z) = λ(n, z)−
(
λ˙+ l−| ξ
)
.
From here it follows that λ˙ = −l−| ξ. Plugging this expression into (C.4) we find
that z−| h = λz
♭. Comparing with (C.1) we conclude that
z = ∇ll = αll . (C.5)
This means that l is a (non-affine parametrized) null geodesic. One can restore
the affine parametrization by performing a proper boost in {l,n} 2-plane, so
that afterwards
∇ll = 0 . (C.6)
Similarly, one can consider null geodesics in other directions, such as
mi−| h = −νimi♭ =⇒ ∇mimi = αimi . (C.7)
It remains to prove that l is WAND. The most simple way to show this, is to use
the explicit form of the eigenvector l in themost general spacetime admitting the
PCKY tensor (see Chapter 7), and refer to the paper [102] where it was shown
that such a vector is WAND. ♥
C.2 Integrability conditions for a CKY 2-form
In this section, following closely [219], we repeat the derivation of the integra-
bility conditions for the existence of a CKY 2-form k, (2.10), written as the alge-
braic relations between components of kcd and the curvature tensor. We use the
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conventions of [231]. For example, we have(∇a∇b−∇b∇a)kcd = R eabc ked+R eabd kce , (C.8)
Rac = Rca = R
b
abc = R
b
abc , (C.9)
and the following definition of the Weyl tensor Cabcd:
Rabcd = Cabcd +
2
D − 2
(
ga[cRd]b − gb[cRd]a
)− 2
(D − 1)(D − 2)Rga[cgd]b . (C.10)
The defining equation for a CKY 2-form reads
∇(cka)b = gcaξb−ξ(cga)b , ξb = 1
D − 1∇dk
d
b , (C.11)
or equivalently
∇bkcd = ∇[bkcd] + 2gb[cξd] . (C.12)
What conditions follow from these equations? Differentiating Eq. (C.11) and
shuffling the indices we have
∇a
(∇(bkc)d) = gbcρad − ρa(bgc)d , (C.13)
∇b
(∇(akc)d) = gacρbd − ρb(agc)d , (C.14)
∇c
(∇(akb)d) = gabρcd − ρc(agb)d . (C.15)
Here and later we use the abbreviations
ρab ≡ ∇aξb , Sab ≡ ρab + ρba , Aab ≡ ρab − ρba .
Calculating (C.13)+(C.14)−(C.15), and using the Bianchi identity R e[abc] = 0 , we
obtain
2∇a∇bkcd = kebR eacd +kecR ebad +keaR ebcd − gcdSab + gbdAca + gadAcb
+ 2(kedR
e
cba +gbcρad+gacρbd−gabρcd) (C.16)
Similarly, we have
2∇a∇ckdb = kecR eadb +kedR ecab +keaR ecdb − gdbSac + gcbAda + gabAdc
+ 2(kebR
e
dca +gcdρab+gadρcb−gacρdb) , (C.17)
2∇a∇dkbc = kedR eabc +kebR edac +keaR edbc − gbcSad + gdcAba + gacAbd
+ 2(kecR
e
bda +gdbρac+gabρdc−gadρbc) . (C.18)
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From here it follows that
∇a
(∇[bkcd]) = ∇a∇bkcd − 2ρa[dgc]b . (C.19)
Adding equations (C.16), (C.17), and (C.18), and using equation (C.19), we have
2∇a∇bkcd = kedR ecba+kebR edca+kecR ebda+2gcbρad
− 2gdbρac+gacAbd+gabAdc+gadAcb .
Subtracting (C.16) from this equation we get
keaR
e
bcd+kebR
e
adc+kecR
e
dab+kedR
e
cba+gdbSac+gacSdb−gabSdc−gcdSab = 0 . (C.20)
Contracting indices a and b in this equation and using kea(Radce+Racde) = 0 , we
have
2ke(dR
e
c) + (D − 2)Sdc + Saagcd = 0 . (C.21)
Contracting the last equation once more we obtain Saa = 0. So we get
1
1
2
Saa = ∇aξa = 0 ,
1
2
Sdc = ∇(dξc) = 1
D − 2Re(ck
e
d) . (C.22)
Denoting by
T ebca ≡ R ebca +
2
D − 2R
e
[bgc]a , (C.23)
and plugging (C.22) into (C.20) we finally obtain the following algebraic condi-
tions for the existence of a rank-2 CKY tensor kab:(
T ebcd δ
f
a + T
e
adc δ
f
b + T
e
dab δ
f
c + T
e
cba δ
f
d
)
kfe = 0 . (C.24)
C.3 On algebraic type and CKY tensors
Let us briefly comment on the relationship of the algebraic type of the spacetime
and the existence of a CKY 2-form. It was proved by Collinson [48], that the vac-
uum spacetime admitting a non-degenerate Killing–Yano 2-form is necessary of
the algebraic type D. Here we outline the proof that the same remains true for
the existence a non-degenerate CKY 2-form. This proof can be easily extended
to higher dimensions [47].
Our starting point are the algebraic relations between the components of kab
1In an Einstein space, that is when Rec ∝ gec, the last equation implies that ξa is a Killing
vector.
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and the curvature tensor (C.24). In a particular case of vacuum, we have(
C ebcd δ
f
a + C
e
adc δ
f
b + C
e
dab δ
f
c + C
e
cba δ
f
d
)
kfe = 0 , (C.25)
where Cabcd denotes the Weyl tensor—related to the Riemann tensor by (C.10).
In an arbitrary number of dimensions we have the following canonical forms of
2-forms (see, e.g., [179]):
kab = λ0n[alb] +
[D/2]−1∑
p=1
λpm
2p
[am
2p+1
b] , (C.26)
kab = λ0n[am
D−1
b] +
[(D−3)/2]∑
p=1
λpm
2p
[am
2p+1
b] , (C.27)
kab = λ0
(
n[am
D−1
b] +l[am
D−1
b]
)
+
(D−3)/2∑
p=1
λpm
2p
[am
2p+1
b] . (C.28)
Here, n has boost weight 1, l has boost weight -1, and the remaining spacelike
forms are of boost weight 0.
To prove that the existence of CKY 2-form kab in a vacuum implies that the
spacetime is of the algebraic type D, it is sufficient to prove that the algebraic
relations (C.25) with these canonical forms eliminate all, but the boost weight
zero, components of the Weyl tensor.
C.3.1 Non-degenerate CKY in four dimensions
In 4D, the non-degenerate 2-form takes the canonical form
kab = λ0n[alb] + λ1m
2
[am
3
b] . (C.29)
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Denoting by F (a, b, c, d) the left-hand-side of (C.25), we successively find
F (1, 1, 2, 2) = 2λ0C1212 − 2λ1C1213 = 0 ,
F (1, 1, 2, 3) = −λ1C1313 = 0 ,
F (0, 0, 2, 2) = −2λ0C0202 − 2λ1C0203 = 0 ,
F (0, 0, 2, 3) = −λ1C0303 = 0 ,
F (0, 1, 3, 1) = λ0C0113 + λ1C0112 = 0 ,
F (1, 2, 3, 2) = λ0C1223 − λ1C1323 = 0 ,
F (0, 0, 1, 2) = −λ0C0102 − λ1C0103 = 0 ,
F (0, 2, 3, 2) = −λ0C0223 − λ1C0323 = 0 ,
C0212 = C0313 , C0312 = −C0213 . (C.30)
This implies that only the following components of the Weyl:
C0101 , C0123 , C0313 , C2323 , (C.31)
and the components obtainable from them by symmetries of this tensor may be
present in the spacetime admitting a CKY tensor (C.29). All of them are of boost
zero and hence the spacetime is necessary of the algebraic type D.
C.4 Some algebraic identities
Throughout the thesis we use various algebraic identities. Most of them are
directly related to the canonical form of the PCKY tensor or the canonical form
of the Kerr-NUT-(A)dS spacetime. In this section we make a short overview of
such identities.
The following functions are used throughout the text:
Uµ =
n∏
ν=1
ν 6=µ
(x2ν − x2µ) , A(k)µ =
n∑
ν1,..., νk=1
ν1<...<νk, νi 6=µ
x2ν1 . . . x
2
νk
, A(k) =
n∑
ν1,..., νk=1
ν1<...<νk
x2ν1 . . . x
2
νk
.
(C.32)
These functions appear in the definition of the canonical metric (4.1), they ap-
pear in the expressions for the PCKY tensor (4.13), or the expressions for the
Killing tensors (4.14). One can easily generate A(k), A
(k)
µ with the help of [149],
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[189]
n∏
ν=1
(t− x2ν) = A(0)tn −A(1)tn−1 + · · ·+ (−1)nA(n) , (C.33)
n∏
ν=1
ν 6=µ
(t− x2ν) = A(0)µ tn−1 −A(1)µ tn−2 + · · ·+ (−1)n−1A(n−1)µ . (C.34)
One might also introduce quantity U , [85], [153]
U ≡ det [A(j)µ ] = n∏
µ,ν=1
µ<ν
(x2µ − x2ν) , (C.35)
which is simply related to the determinant of the canonical metric [cf. Eq. (4.11)]
g = det(gab) =
(−cA(n))ε U2 . (C.36)
In the first expression (C.35), A
(j)
µ (j = 0, . . . , n − 1), is understood as the n × n
matrix.
Lemma 1 ([85]). The n × n matrix B µ(k) ≡ (−x2µ)n−1−k/Uµ is an inverse of A(k)µ . That
is,
n−1∑
k=0
(−x2µ)n−1−k
Uµ
A(k)ν = δ
ν
µ ,
n∑
µ=1
(−x2µ)n−1−k
Uµ
A(l)µ = δ
l
k . (C.37)
In particular, we obtain the following important identities:
n∑
µ=1
(−x2µ)n−1
Uµ
= 1 , (C.38a)
n∑
µ=1
x2kµ
Uµ
= 0 for k = 0, . . . , n− 2 , (C.38b)
n∑
µ=1
1
x2µUµ
=
1
A(n)
, (C.38c)
n∑
µ=1
A
(k)
µ
x2µUµ
=
A(k)
A(n)
for k = 0, . . . , n− 1 , (C.38d)
The first two relations follow immediately from (C.37) (set l = 0 in the latter
expression). (C.38c) follows from (C.38a) by substituting xµ → 1/xµ. (C.38d)
can be verified using (C.38c), (C.37), and the fact that A
(k)
µ = A(k) − x2µA(k−1)µ .
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The following lemma plays the central role for the separability in the canon-
ical spacetimes:
Lemma 2. The most general solution of the equation
n∑
ν=1
fν(xν)
Uν
= 0 (C.39)
is given by
fν(xν) =
n−1∑
j=1
Cj(−x2ν)n−1−j , (C.40)
where Cj are arbitrary constants.
This lemma was already used in [102], [85]. Its proper proof can be found in
[147]. We finally mention the identity
∂xµ
[ U
Uµ
]
= 0 , (C.41)
(used in the separation of the Klein–Gordon equation) which obviously follows
from the definition of U and Uµ. Many more useful relations can be found, for
example, in [147].
C.5 Integrability of some functions inKerr-NUT-(A)dS
spacetimes through separation of variables
In the main text we have encountered several situations where we have to solve
an ordinary differential equation (or the set of equations, j = 1, . . . , l)
F˙j = Gj(xµ) . (C.42)
Here the dot denotes the derivative with respect to an affine parameter and the
right-hand-side is in general complicated function of xµ’s (or possibly r in the
Lorentzian case). Such equations were, for example, obtained for the compo-
nents ψj , (5.9), of the geodesic velocity in Chapter 5, or for the rotation angles
βµ in Chapter 9. It turns out that some of these equations may be ‘symbolically’
integrated as they allow an additive separation of variables. Let us probe this
possibility in more detail. The separability means, that we seek the solution in
the form
Fj =
n∑
ν=1
F
(ν)
j (xν) . (C.43)
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Using the first relation (5.9), one finds
F˙j =
n∑
ν=1
(
F
(ν)
j
)′
x˙ν =
n∑
ν=1
σνsign(Uν)
(
F
(ν)
j
)′√
XνVν −W 2ν
Uν
. (C.44)
Prime denotes the derivative with respect to a single argument. For each ν the
numerator of the last expression is function of xν only. If F˙j given by (C.42) can
be brought into the form
F˙j =
n∑
ν=1
f
(ν)
j (xν)
Uν
, (C.45)
the problem is separable. By comparing (C.44) with (C.45) we arrive at
n∑
ν=1
g
(ν)
j (xν)
Uν
= 0 , g
(ν)
j = σνsign(Uν)
(
F
(ν)
j
)′√
XνVν −W 2ν − f (ν)j . (C.46)
The general solution of (C.46) is (see Lemma 2 of the previous section)
g
(ν)
j =
n−1∑
k=1
C
(k)
j (−x2ν)n−1−k . (C.47)
However, what we need is a particular solution. For such a solution, we may
choose all the constants C(k)j = 0. (In fact, a different choice of C
(k)
j leads only to
a different additive constant for Fj .) So we have
Fj =
n∑
ν=1
∫
σνsign(Uν)f
(ν)
j dxν√
XνVν −W 2ν
. (C.48)
The situation in the Lorentzian case is exactly analogous. If the right-hand-
side of (C.42) can be brought into the form
F˙j =
f
(r)
j (r)
Un
+
n−1∑
ν=1
f
(ν)
j (xν)
Uν
, (C.49)
the separated solution reads
Fj =
∫
σnf
(r)
j dr√
W 2n −XnVn
+
n−1∑
ν=1
∫
σνsign(Uν)f
(ν)
j dxν√
XνVν −W 2ν
. (C.50)
As a particular example let us consider the affine parameter itself. Due to
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the identity (C.38a),
1 =
n∑
µ=1
f (µ)
Uµ
, f (µ) = (−x2µ)n−1 , (C.51)
we find that
τ =
n∑
µ=1
∫
σµsign(Uµ)(−x2µ)n−1dxµ√
XµVµ −W 2µ
. (C.52)
C.6 Higher-dimensional Pleban´ski–Demian´ski?
As we have mentioned in Chapter 4, the form (4.1) of the higher-dimensional
Kerr-NUT-(A)dS spacetime can be considered as a ‘natural’ higher-dimensional
generalization of the Carter’s canonical form (A.74) of the 4D Kerr-NUT-(A)dS
spacetime. In four dimensions, it is well known how even more general solu-
tions can be ‘generated’ from the canonical form. The electromagnetic charge
is added by a simple change of metric functions Q and P , the accelerated class
of solutions is obtained by a conformal rescaling of the canonical element. All
these classes are uniformly described by the Pleban´ski–Demian´ski class of solu-
tions, see Appendix A.2.
This inspires the search for more general higher-dimensional solutions. It is
natural to ask, whether it is not possible to generalize the higher-dimensional
Kerr-NUT-(A)dS spacetimes in a way exactly analogous to the 4D case. The
problem of charging these solutions was addressed in [147]. It turned out that
such a procedure is not sufficiently general.2 Here we demonstrate that also the
attempt to ‘accelerate’ Kerr-NUT-(A)dS spacetime in a way analogous to 4D,
i.e., by a conformal rescaling (cf. Appendix A.2), generally fails [155].
We consider the metric
g˜ = Ω2g , (C.53)
where g is a canonical metric (4.1) and Ω2 is an unknown conformal factor. We
ask the question, whether it is possible to adjust Ω and metric functions Xµ(xµ)
so that the scaled metric g˜ satisfy the vacuum Einstein equations. Due to the
same argument which we used in four dimensions (see Appendix A.2.3) such a
metric would possess a conformal Killing–Yano tensor h˜ = Ω3h.
The Ricci tensor R˜ic of the rescaled metric g˜ is related to the Ricci tensor of
2The higher-dimensional ‘Kerr–Newman solution’ is still analytically unknown. We conjec-
ture that such a solution may not be of the algebraic type D. If this is so, its form might be quite
different from the form of the Myers–Perry metric. The similarity of these solutions in four
dimensions stems from the special properties of electromagnetism in 4D.
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the unscaled metric g by a well known expression (see, e.g., appendix in [231]),
which can be written as
R˜ic = Ric+ (D − 2)Ω∇∇Ω−1 + g
[
Ω∇2Ω−1 − (D − 1)Ω2(∇Ω−1)2] . (C.54)
Here, the ‘square’ of 1-forms is defined using the inverse unscaled metric g−1.
We require R˜ic = −λ g˜ with λ proportional to the cosmological constant. The
Ricci tensor R˜ic thus must be diagonal in the frame {ω}. The conditions on
off-diagonal terms give equations for the conformal factor Ω.
In a generic odd dimension these conditions are too strong—they admit
only a constant conformal factor Ω. In even dimensions the conditions on off-
diagonal terms lead to equations
Ω−1,µν =
xν Ω
−1
,µ
x2ν − x2µ
+
xµΩ
−1
,ν
x2µ − x2ν
, 0 =
xµ Ω
−1
,µ
x2ν − x2µ
+
xν Ω
−1
,ν
x2µ − x2ν
. (C.55)
It gives the conformal factor depending on two constants c and a ,
Ω−1 = c+ a x1 . . . xn , (C.56)
which is obviously a generalization of the four-dimensional factor (A.44) (with
c = 1 and a = iα).
Unfortunately, the conditions for diagonal terms of the Ricci tensor are in
even dimensions D > 4 rather restrictive. Analyzing first the condition for the
scalar curvature and then checking all diagonal terms one finds that either3
Ω−1 = x1 . . . x2 , Xµ = b¯µ x
2n−1
µ +
n∑
k=0
ck x
2k
µ , (C.57)
with λ = (D − 1) c0 , or
Ω−1 = 1 + a x1 . . . x2 , Xµ =
n∑
k=0
ck x
2k
µ , (C.58)
with λ = (D − 1)[(−1)n−1cn + a2c0] . The first case is not a new solution: the
substitution
xµ = 1/x¯µ , ψj = ψ¯n−1−j , Xµ = x¯
−n+1
µ X¯µ , (C.59)
transforms the rescaledmetric g˜ back to the form (4.1) in ‘barred’ coordinates. In
the second case metric functions Xµ depend on a smaller number of parameters
3The trivial global scaling was eliminated by setting a = 1 in (C.57) and c = 1 in (C.58).
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and one has to expect that the metric describes only a subclass of the ‘accel-
erated black hole solutions’. It is actually the trivial subclass—it was shown
in [102] that the metric (4.1) with Xµ given by (C.58) represents the maximally
symmetric spacetime; therefore the scaled metric g˜, being the Einstein space
conformally related to the maximally symmetric spacetime, must describe also
the maximally symmetric spacetime. In analogy with the four-dimensional
case we expect that the metric (C.53) with metric functions (C.58) describes the
Minkowski or (anti-)de Sitter space in some kind of ‘rotating accelerated’ coor-
dinates. Such an interpretation, however, requires a further detailed study.4
The form of the Pleban´ski–Demian´ski metric motivates the construction of
new solutions in higher dimensions. Its non-accelerated subclass, the Carter’s
metric, has been already generalized into higher dimensions by Chen, Lu¨, and
Pope [39]. However, it seems that further generalizations, although almost ob-
vious at a first sight, cannot be easily obtained. For example, the attempts to
‘naturally’ charge these solutions failed so far (see, e.g., [147], [38]). Here we
have demonstrated that also the generalization to accelerated solutions is not
straightforward. In particular, we have shown that the direct analogue of the
Pleban´ski–Demian´ski family of solutions (with acceleration) cannot be in higher
dimensions obtained in a manner similar to the four-dimensional case, that is,
by a conformal scaling of the Chen–Lu¨–Pope metric, possibly with the ‘natural’
change of metric functions. The question about the existence of the C-metric in
higher dimensions therefore still remains open.
C.7 Remarks on the degeneracy of eigenvalues of F
In this section we comment on the degeneracy of the eigenvalues of the 2-form
F used in Chapter 9.5 Namely, we prove that due to that fact that the PCKY ten-
sor h is by definition non-degenerate, the corresponding 2-form F , (9.1), pos-
sesses (q0 + 1)-times degenerate zero eigenvalue, where q0 = 1 in even number
of spacetime dimensions and q0 = 0, 2 for generic, special trajectories in an odd
number of spacetime dimensions. Moreover, the multiplicity of non-zero eigen-
4We have to conclude that a non-trivial generalization of the Pleban´ski–Demian´ski metric
into a generic higher dimension cannot be found by a conformal rescaling (C.53) of the canonical
element (4.1). However, recently it was demonstrated that a nontrivial generalization of the 5D
MPmetric can be obtained with the help of two scaling factors [169]. The solution contains three
independent and one adjustable parameter. It is obtained by gluing the rescaled 4D canonical
metric with a (differently rescaled) part corresponding to the fifth dimension. This solution also
gives rise to a new charged black hole of 5D minimal supergravity [170].
5As this appendix directly relates to Chapter 9, we consider the case of the Lorentzian signa-
ture and F for timelike geodesics, that is, F given by (9.1). Also other notations are the same as
in Chapter 9.
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values is governed by qµ ≤ 2, and the equality occurs only for special geodesic
trajectories.
Consider a non-degenerate h, then
∆(λ) = det(hab − λδab ) = (−λ)ε
n∏
k=1
(λ2 + ν2k) , (C.60)
where all νk are different. Let us re-calculate this determinant in terms of F and
compare the results. For this calculation we use the Darboux basis of F and
corresponding matrix form of the objects. In particular, we have the expression
(9.3) for F , and
s = (s0ˆ, s1ˆ, . . . spˆ) , s0ˆ = (
1s0ˆ, . . . ,
q0s0ˆ) , sµˆ = (
1sµˆ,
1s¯µˆ, . . . ,
qµsµˆ,
qµs¯µˆ) , (C.61)
for the 1-form s defined in (9.1). Using (9.1), (9.3), and (C.61), one can rewrite
(C.60) as
∆(λ)= det(F ab−uasb+saub−λδab )=
∣∣∣∣ A BC E
∣∣∣∣ , (C.62)
where A = −λ, B = −s, C = −sT , and E is the (D − 1)-dimensional matrix of
the form
E = diag(−λIq0, 1Z, . . . , pZ) , µZ =
( −λIµ λµIµ
−λµIµ −λIµ
)
. (C.63)
Here Iq0 is a unit q0 × q0 matrix, and we use XT to denote a matrix transposed
to X . It is easy to check that
E−1 = diag(−λ−1Iq0 , 1Z−1, . . . , pZ−1) ,
µZ−1 = Q−1µ
µZT , Qµ = (λ
2 + λ2µ) , det(
µZ) = Qqµµ . (C.64)
One has the following relation for the determinant of a block matrix (see, e.g.,
[89]) ∣∣∣∣ A BC E
∣∣∣∣ = A |E| , A = |A−BE−1C| . (C.65)
Using (C.63) and (C.64), one finds
det(E) = (−λ)q0
p∏
µ=1
Qqµµ , A = −λ− sE−1sT . (C.66)
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Combining all these relations one obtains
∆(λ) = (−λ)q0−1
p∏
µ=1
Qqµµ
[
λ2
(
1−
p∑
µ=1
s2µˆ
Qµ
)
− s2
0ˆ
]
, (C.67)
s2
0ˆ
=
q0∑
i=1
is2
0ˆ
, s2µˆ =
qµ∑
i=1
(is2µˆ +
is¯2µˆ) .
Let us now compare (C.60) and (C.67). First of all, let us compare the powers
of (−λ). For s2
0ˆ
6= 0 we have match for q0 − 1 = ε, whereas the case s20ˆ = 0 may
happen only in odd dimensions and one must have q0 = 0 [cf. (9.24)]. Another
result of the comparison is that qµ ≤ 2. Really, if qµ > 2, then at least 2 roots
of ∆(λ) in (C.67) coincide. This contradicts the assumption previously stated,
since for a non-degenerate operator h the characteristic polynomial has only
single roots λ2 = −ν2k . The case when qµ = 2 is degenerate. It is valid only for a
special value of the velocity u. Really, in this case one of the eigenvalues, say νk,
of h coincides with one of the eigenvalues of F so that one has det(F −νkI) = 0.
The latter is an equation restricting the value of u.
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